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In this paper, we present results on interpolation of monogenic functions in
the unit ball of Rd+1 using reproducing kernels and randomly chosen inter-
polation points. The main theoretical results are proved based on the concept
of uniformly discrete sequences. Furthermore, estimates for the interpolation
error as well as for the eigenvalues of the interpolation problems are presented.
Numerical results are presented in the end.
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1 INTRODUCTION

Interpolation is one of themain tools inmathematics being present in almost all modern applications. Indeed, there exists
an extensive literature on interpolation with complex analytic tools.1,2 Although many applications nowadays require
interpolation in higher dimensions, this task remains a challenging one for the case of real spaces of odd dimensions
because of a general lack of basic results in higher-dimensional function theories. It is exactly here that Clifford analysis
intervenes as it provides a natural extension of the classical complex analysis toRdwhile preservingmany of the geometric
features ofRd. More importantly, holomorphic functions are replaced by monogenic functions, that is, functions belong-
ing to the kernel of a generalised Cauchy-Riemann operator. Unfortunately, there are only few results for interpolation in
the hypercomplex setting. Several authors have studied interpolation problems for general quaternion valued polynomi-
als of a quaternion variable.3,4 In the more restricted case of function theories based on a generalisation of the notion of
holomorphicity, most works are for the case of slice-hyperholomorphic functions.5,6 However, despite being an ideal set-
ting for many applications, only a few results are known regarding classic monogenic functions (such as the monogenic
signal in image processing7). These results are essentially restricted to interpolation by means of monogenic polynomi-
als. However, results related to Lagrange interpolation with monogenic functions have been presented as well,8,9 where
Fueter variables were used. These results show the solvability of the interpolation problem under certain conditions for
the interpolation nodes, but due to the construction, convergence is not possible in general. More importantly, the classic
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Lagrange interpolation is essentially connected to interpolation with Blaschke products. But this connection is one of
the main obstacles in the direct lifting of interpolation methods from complex analysis to the case of Clifford analysis.
In fact, the obstacle is due to the two-fold fact that neither Möbius transformations are monogenic, nor monogenicity is
preserved under multiplication. Therefore, Lagrange interpolation is not suitable for practical problems in higher dimen-
sions. Thus, the methods used for classical complex polynomial interpolations cannot be applied for interpolation of
monogenic functions.
One possible approach to interpolation of monogenic functions is using systems of monogenic Appell polynomials,

which typically have a well-understood structure. Particularly, polynomial interpolation with Appell polynomials has
been studied recently,10 where the interpolation polynomial is constructed by means of a suitable Vandermonde matrix.
However, the practical realisation of the Vandermonde matrix–based interpolation approach can cause well-known
numerical problems. Moreover, the main point in this work was to use a complex-like structure of one specific sys-
tem of monogenic Appell polynomials; as a direct consequence, this approach does not really take advantage of the
high-dimensional structure of monogenic functions.
On the basis of the above considerations, we move our attention to other approaches to interpolation of monogenic

functions, namely, to interpolation based on reproducing kernelHilbert spaces (RKHS). On one hand, the choice of RKHS
is motivated by the close relation between spaces of monogenic functions and RKHS, while on the other hand, it follows
the classical approach to real interpolation.11

There exists a wide range of applications of RKHS. A typical example is the field of machine learning.12 Also, RKHS are
well studied in the hypercomplex setting, not only in the case of monogenic functions, but also wrt rational monogenic
functions and system theory.6 Important reproducing kernels, such as Bergman or Szegö kernel, are explicitly available
for specific domains such as the unit ball and the upper-half space.13 Therefore, RKHS represent a natural and attractive
way to tackle the problem of monogenic interpolation.
In addition to the classical difficulties of hypercomplex interpolation, the problem of the choice of the nodes is an addi-

tional obstacle in practical applications of monogenic interpolation. For example, in the classic case of the unit disc in
C, there exist several ways of choosing uniform interpolation points, since it is easy to create a uniform grid on the unit
circle.14 This is not any more true for the sphere in higher dimensions. In fact, creating a grid with an arbitrary number
of uniformly distributed points is all but impossible. However, since quasi-uniform subdivision schemes are still possible
to construct, they are adopted. But creating such grids is also time-consuming. Hence, grids with uniformly distributed
randomly chosen points are often used in practice. Furthermore, because of the curse of dimension and, consequently,
the need of a large number of interpolation nodes, interpolation with sparsity constrains is highly valuable. But the
sparsity constrain imposes the additional question of reconstructing a signal from only a small subset of all available
interpolation data.
The main goal of this paper is to study the interpolation problem for monogenic functions in the unit ball in Rd+1

by working with the RKHS generated by the Bergman kernel. In this case, we propose an algorithm that allows us to
interpolate a monogenic function from a given countable number of observations (possible infinite) in the unit ball.
We allow for the points to be randomly chosen in the ball but uniformly distributed and discuss the question of sparse
reconstruction from only a few interpolation data. The paper is organised as follows: in Section 2, in order to make the
paper self-sufficient, we present the necessary preliminaries from hypercomplex analysis and the theory of RKHS. In the
next sections, we present our main results and contribution.

2 PRELIMINARIES

2.1 Basics of Clifford analysis
In this section, we introduce some basic facts from Clifford analysis. Let {e1, e2, … , ed} be an orthonormal basis of the
Euclidean vector spaceRd. We denote by 𝓁0,d, or simply𝓁(d), the 2d-dimensional real Clifford algebra constructed over
Rd by the introduction of an associative multiplication of the basis vectors subjected to the multiplication rules:

e2𝑗 = −1, 𝑗 = 1, 2, … , d,
and

e𝑗ek + eke𝑗 = 0, 𝑗 ≠ k, 𝑗, k = 1, 2, … , d.
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As usual, we identify e0 with the multiplicative identity 1 of the real field. We embed the Euclidean vector space Rd+1 in
𝓁(d) by identifying the element x = (x0, x1, x2, … , xd) with the Clifford (para-)vector x given by

x = x0 +
d∑
k=1

xkek.

For an arbitrary para-vector x, we denote its scalar part by Sc(x) ∶= x0 and its vector part by Vec(x) ∶=
∑d

k=1 xkek. A
vector space basis for 𝓁(d) is given by{

e0 = 1, eA = ei1 · · ·eik ∶ A = {i1, · · · , ik}, 1 ≤ i1 < · · · < ik ≤ d
}
.

Additionally, we define the conjugation in 𝓁(d) as the involutory automorphism ·̄ ∶ 𝓁(d) → 𝓁(d) given by its action
on the basis elements:

ab = b̄ ā, a, b ∈ 𝓁(d), and ē0 = e0, ēk = −ek, k = 1, · · · , d.

We remark that xx̄ = x̄x =
∑d

k=0 x
2
k ∶= |x|2, the Euclidean norm of x when identified with x ∈ Rd+1.

Let Ω be an open subset of Rd+1 with a piecewise smooth boundary. A 𝓁(d)-valued function is a mapping
𝑓 ∶ Ω → 𝓁(d) with 𝑓 (x) =

∑
A
𝑓A(x)eA, x ∈ Ω,

where the coordinates fA are real-valued functions defined in Ω, ie,

𝑓A ∶ Ω → R, for all A.

Continuity, differentiability, or integrability of f are defined coordinate-wisely. In the special case of para-vector valued
functions, we will denote them as 𝑓 (x) =

∑d
k=0 𝑓

k(x)ek.

Definition 1. For continuously real-differentiable functions 𝑓 ∶ Ω ⊂ Rd+1 → 𝓁(d), which we will denote for
simplicity by 𝑓 ∈ C1(Ω,𝓁(d)), the operator

D ∶=
d∑
k=0

ek𝜕xk

is called the generalised Cauchy-Riemann operator. The corresponding conjugated generalised Cauchy-Riemann
operator is defined as

D̄ ∶=
d∑
k=0

ēk𝜕xk .

Definition 2. A function 𝑓 ∈ C1(Ω,𝓁(d)) is called left (resp right) monogenic in Ω if

D𝑓 = 0 in Ω (resp, 𝑓D = 0 in Ω).

In the sequel, we will work with left monogenic functions, but all results can be easily transferred to the case of right
monogenic functions.

2.2 Reproducing kernels
A right (unitary) module over 𝓁(d) is a vector space V together with an algebra morphism R ∶ 𝓁(d) → V (also called
right multiplication), such that

R(ab + c) = R(b)R(a) + R(a).

In the particular case where V = H ⊗ 𝓁(d), with a Hilbert space, we say that V is a right Hilbert-module over 𝓁(d).
Furthermore, the inner product (·, ·) in gives rise to a Clifford algebra-valued inner product in V,⟨𝑓, g⟩ ∶=

∑
A,B

(𝑓A, gB)eAeB.

The terminology Clifford algebra-valued inner product is an abuse of language in the sense that the form ⟨·, ·⟩ is
sesquilinear and hermitian, but it does not satisfy the positiveness axiom. It becomes an inner product when one restricts
it to its scalar part.



4 CEREJEIRAS ET AL.

Let us consider the right Hilbert module of Clifford algebra-valued functions that are monogenic and square-integrable
in the (nonempty) bounded open subset of Ω of Rd+1

ML2(Ω) ∶= {𝑓 ∶ D𝑓 = 0 in Ω and 𝑓 ∈ L2(Ω)} ,

provided with the Clifford algebra-valued inner product defined by

⟨𝑓, g⟩L2(Ω) ∶= ∫
Ω

𝑓 (x)g(x)dΩ (1)

for elements of L2(Ω). This Clifford algebra-valued inner product induces a norm,||𝑓 ||2L2(Ω) = Sc
(⟨𝑓, 𝑓⟩L2(Ω)) .

It is known thatML2(Ω) is a Hilbert module with reproducing kernel. Let us introduce the following definition.

Definition 3. Let be a Hilbert module of 𝓁(d)-valued functions on a set Ω with the inner product ⟨·, ·⟩L2 defined
in (1). Let moreover the action of 𝓁(d) on  be defined by pointwise multiplication. A reproducing kernel K is a
function on Ω × Ω such that for any x ∈ Ω fixed the following statements hold

(i) K(·,x) is in;
(ii) any function 𝑓 ∈  can be represented as

𝑓 (x) = ⟨K(·,x), 𝑓⟩L2 .
In particular, ⟨K(·,x),K(·,y)⟩L2 = K(x,y).

A well-known property of reproducing kernels is that, given a sequence of points x = (xk)∞k=1 in Rd+1, the matrix

[Ki,𝑗] ∶= [K(xi, x𝑗)]

is Hermitian (Ki,𝑗 = K𝑗,i) and positive semidefinite, that is to say,

Sc

( N∑
i,𝑗=1

c̄iKi,𝑗c𝑗

)
= Sc

( N∑
i,𝑗=1

c̄iK(xi, x𝑗)c𝑗

)
≥ 0,

for all N ∈ N- and 𝓁(d)-valued sequences c = (ck)∞k=1.
In the sequel, we consider the Bergman space Bd+1(Bd+1,𝓁(d)) of functions that are monogenic and square-integrable

in the unit ball Bd+1. This functions space possesses a uniquely defined reproducing kernel—the Bergman kernel. In this
paper, we use the following form for the Bergman kernel B(u, t).

Theorem 1. The Bergman kernel B(u, t) for the unit ball B3 is given by

B(u, t) = −
(
2ut̄ − 3

) ||t̄u − 1||2 − 3
(
u|t|2 − t

) (|u|2t̄ − ū
)

||t̄u − 1||5 .

Proof. The Bergman kernel B(u, t) for the unit ball Bd+1 is

B(u, t) ∶= DuK(u, t)D̄t,

where the kernel K(u, t) is given by

K(u, t) = 1|u − t|d−1 − 1|t̄u − 1|d−1 = 1|u − t|d−1 − 1||||t|u − t|t| |||d−1 , u, t ∈ B
d+1

and D̄ is the conjugated generalised Cauchy-Riemann operator. After some straightforward calculations, we obtain
the final representation for the Bergman kernel.

2.3 Möbius transformations and pseudohyperbolic metric
Let us consider again the unit ball Bd+1. The Möbius transformation in Bd+1 is given by

𝜑a(b) = (a − b)(1− b̄a)−1,
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with a,b ∈ Bd+1. In real coordinates, this transformation can be easily written as

𝜑a(b) =
(1 + 2⟨a,b⟩ + |b|2)a + (1 − |a|2)b

1 + 2⟨a,b⟩ + |a|2|b|2 .

The corresponding pseudohyperbolic metric for the unit ball is introduced as follows:

𝜌(x,y) = |𝜑y(x)|, for x, y ∈ B
d+1.

The pseudohyperbolic metric possesses the following properties:15

1. 𝜌(x,y) ≥ 0 and 𝜌(x, y) = 0⇐⇒ x = y;
2. 𝜌(x,y) = 𝜌(y, x);
3. 𝜌(x,y) ≤ 𝜌(x, z) + 𝜌(z, y);
4. 𝜌(Tx,Ty) = 𝜌(x,y), ∀T ∈ O(d).

Let us denote by 𝜈d+1 the Lebesguemeasure inRd+1, normalised in such a way, that 𝜈d+1(Bd+1) = 1, and let 𝜎d+1 be the
corresponding measure on the surface of the unit sphere 𝜕Bd+1, also normalised, so that 𝜎d+1(𝜕Bd+1) = 1, then we have

∫
Rd+1

𝑓 (x)d𝜈d+1(x) = (d + 1)
∞

∫
0

rd ∫
𝜕Bd+1

𝑓 (r𝜉)d𝜎d+1(𝜉)dr

for any function 𝑓 ∈ L1(Rd+1), where r, 𝜉 are the classical spherical coordinates in Bd+1.
The invariant Haar measure on Bd+1 is given by d𝜏d+1(x) = d𝜈d+1(x)

(1−|x|2)d+1 , and therefore, the hyperbolic volume of a
measurable set Ω ⊂ Bd+1 is introduced as follows:

𝜏d+1(Ω) = ∫
Ω

d𝜈d+1(x)
(1 − |x|2)d+1 .

Hereby, we have that the hyperbolic volume is preserved under the action of Möbius transformations, ie, 𝜏d+1(𝜑a(Ω)) =
𝜏d+1(Ω) for a ∈ Bd+1.
Let us denote the pseudohyperbolic ball with centre a ∈ Bd+1 and radius r ∈ (0, 1) by

Δ(a, r) ∶=
{
x ∈ B

d+1 ∶ |𝜑a(x)| < r
}
.

Since 𝜑0(x) = −x, Δ(0, r) coincides with the Euclidean ball |x| < r. Because of the fact that the Möbius transformation
is an involution, we immediately have that Δ(a, r) = 𝜑a(Δ(0, r)).

3 INTERPOLATION WITH REPRODUCING KERNELS

One application of reproducingkernelHilbertmodules inClifford analysis is interpolation. For given evaluationmappings
Ei ∶ ML2(Bd+1) → 𝓁(d) given by

𝑓 ∈ ML2(Bd) → Ei𝑓 ∶= 𝑓 (xi) ∈ 𝓁(d), |xi| < 1,

we are interested in finding a function f such that

zi = Ei𝑓, i = 1, 2, … (2)

where zi ∈ 𝓁(d).
For given functions Ki = K(·,xi) associated with N observations zi, we can consider the subspace VN ofML2 spanned

by (Ki)Ni=1. Therefore, we have for each g ∈ VN

g =
N∑
i=1
Kici =

N∑
i=1
K(·,xi)ci.
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SinceML2 is aHilbertmodule for every f ∈ ML2, there exists a unique best approximation fN inVN. Because of fN − f ⟂ VN,
we have

0 = ⟨Ki, 𝑓 − 𝑓N⟩L2 = ⟨Ki, 𝑓 −
N∑
𝑗=1

K𝑗c𝑗⟩L2
= ⟨Ki, 𝑓⟩L2 − N∑

𝑗=1
⟨Ki,K𝑗⟩L2c𝑗 = ⟨K(·,xi), 𝑓⟩L2 − N∑

𝑗=1
⟨K(·,xi),K(·,x𝑗 )⟩L2c𝑗

= 𝑓 (xi) −
N∑
𝑗=1

Ki𝑗c𝑗 , i = 1, · · ·,N.

As in the reproducing kernel Hilbert module, the evaluation mapping Eif coincides with f(xi) this leads to the system
Kc = zN , where K is the Gram matrix with entries Ki𝑗 = ⟨Ki,K𝑗⟩L2 and zN is the vector of observations with entries of the
form zi = Eif for i = 1, … ,N. A unique solution to this system exists since the Gram matrix is symmetric and positive
definite (or, with other words, the system of columns Ki = K(·,xi), i = 1 … ,N, is linearly independent) and, therefore,
invertible. Hence,

Kc = zN ⇐⇒ c = K−1zN ,
and the dual form for the system is given

ci =
N∑
𝑗=1

Ki𝑗z𝑗 = KizN ,

where Kij = (K−1)ij with
∑N

s=1 KisKs𝑗 =
∑N

s=1 KisKs𝑗𝛿i𝑗 . Therefore,

𝑓N =
N∑
i=1
Kici =

N∑
i,𝑗=1

KiKi𝑗z𝑗 =
N∑
i=1
K(·,xi)KizN .

Based on the considerations above, it follows that the solution to the interpolation problem in RKHM corresponds to the
orthogonal projection into the (finite-)dimensional subspace spanned by the functionsKi, i = 1, … ,N. All the properties
of the matrix K are dependent on the choice of the interpolation points. Since we are working with the Bergman space
in the unit ball, the typical approach to quantify the influence of the interpolation points in Bergman spaces is to use the
concept of uniformly discrete sequences16 for the details. Therefore, at first, we introduce the following definition.

Definition 4. A sequence Λ = (xk)∞k=1 ⊂ Bd+1 is said to be uniformly discrete if there exists a positive constant
𝛿 ∈ (0, 1) such that |||𝜑x𝑗 (xk)||| ≥ 𝛿 ∀𝑗 ≠ k.
The number 𝛿(Λ) = inf𝑗≠k|𝜑x𝑗 (xk)| is called the separation constant of Λ.
For the proof of the main results, we need to recall several lemmas.17 We will list these lemmas here.

Lemma 1. If (xk)∞k=1 is a uniformly discrete sequence in B
d+1with separation constant 𝛿, then

∞∑
k=1

(1 − |xk|2)d|𝑓 (xk)|p ≤ C
(1
𝛿

)d
∫
Bd+1

|𝑓 (x)|pd𝜈d+1(x)
for any 𝑓 ∈ Lp(Bd+1), where C is a constant independent of f and 𝛿.

By taking f ≡ 1, we have the following result.

Lemma 2. If (xk)∞k=1 is a uniformly discrete sequence in B
d+1 with separation constant 𝛿, then

∞∑
k=1

(1 − |xk|2)d+1 ≤ C
(1
𝛿

)d+1
.

For the next two lemmas,17 we need to introduce the following definition.

Definition 5. Let a be the points in the unit ball Bd+1 with r ∈ (0, 1), and let Λ be a sequence in that ball, then the
function

N(Λ, a, r) =
∑
x∈Λ

𝜒Δ(a,r)(x),

where 𝜒A(x) denotes the characteristic function of the set A, is called the counting function.
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According to that definition,N(Λ,a, r) is the number of points inΛ that lie in the pseudohyperbolic ballΔ(a, r). Clearly,

N(Λ, a, r) = N(𝜑a(Λ), 0, r).

Finally, we recall the following two lemmas.

Lemma 3. ]If (xk)∞k=1 is a uniformly discrete sequence in Bd+1 with separation constant 𝛿, then its counting function
satisfies

N(Λ, a, r) < 2
(3
2

)d−1(
1 + 2

𝛿

)d+1 1
(1 − r)d

.

In particular,

N(Λ, a, r) = O
(

1
(1 − r)d

)
, r → 1.

Lemma 4. Let Λ = (xk)∞k=1 be a sequence of points in the unit ball B
d+1 such that for some fixed radius r > 0, each

pseudohyperbolic ball Δ(a, r) contains at most N points. Then Λ is the disjoint union of at most N uniformly discrete
sequences.

Now, we are ready to formulate the following theorem.

Theorem 2. For a sequence Λ = (xk)∞k=1 of distinct points in B
d+1, the following six statements are equivalent:

1. Λ is a finite union of uniformly discrete sequences;
2. supa∈Bd+1N(Λ, a, r) < ∞ for some r ∈ (0, 1);
3. supa∈Bd+1N(Λ, a, r) < ∞ for all r ∈ (0, 1);
4. For some p ∈ (0,∞), there exists a constant c such that

∞∑
k=0

(1 − |xk|2)d+1|𝑓 (xk)|p ≤ c||𝑓 ||pp, 𝑓 ∈ Lp(Bd+1);

5. For each p ∈ (0,∞), there exists a constant c such that

∞∑
k=1

(1 − |xk|2)d+1|𝑓 (xk)|p ≤ c||𝑓 ||pp, 𝑓 ∈ Lp(Bd+1);

6. supa∈Bd+1
∑∞

k=1 (1 − |𝜑a(xk)|2)d+1 <∞.

The proof is similar to the one of Theorem 2.517 and will therefore be omitted.
We summarise the main result of the section by the following theorem.

Theorem 3. Interpolation problem 2 is uniquely solvable if the sequence of interpolation points is a finite union of
uniformly discrete sequences.

Finally, we would like to provide the estimates for the Bergman kernel B(u, t) in terms of the hyperbolic metric 𝜑u(t).

Theorem 4. The Bergman kernel B(u, t) can be estimated from below and from above as follows:

3(1 − 𝛿)
3
2 ≤ B(u, t) ≤ 8

(
1 − 𝛿2
) 3
2

(1 − |t|2) 32 (1 − |u|2) 32 , (3)

where 𝛿 ∈ (0, 1) is a separation constant.

Proof. As a first step, we rewrite the Bergman kernel in the following form

B(u, t) = 3(ut̄ − 1)tū(ut̄ − 1)|tū − 1|5 − 2ut̄ − 3|tū − 1|3 .
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The estimates from below can now be obtained directly as follows

|B(u, t)| ≥ |||| 3tū|tū − 1|3 − 2ut̄ − 3|tū − 1|3 |||| = |||| |2ut̄ − 3| − 3|tū||tū − 1|3 |||| =
=
||||||
|2ut̄ − 3| − 3|tū|

(1 − |t2|) 32 (1 − |u2|) 32 (1 − |𝜑u(t)|2)
3
2

|||||| ≥ 3
(
1 − |𝜑u(t)|2) 32

≥ 3
(
1 − 𝛿2
) 3
2 ,

where we have used the definition of hyperbolic metric and the fact that |2ut̄ − 3| greater than 3|tū|. The estimate
from above is obtained similarly:

|B(u, t)| ≤ |||| 3tū|tū − 1|3 − 2ut̄ − 3|tū − 1|3 |||| ≤ 3|tū||tū − 1|3 + |2ut̄ − 3||tū − 1|3 ≤

≤
||||||

3|tū| + |2ut̄ − 3|
(1 − |t2|) 32 (1 − |u2|) 32 (1 − |𝜑u(t)|2)

3
2

|||||| ≤
≤ 8

(1 − |t2|) 32 (1 − |u2|) 32 (1 − |𝜑u(t)|2)
3
2

≤ 8
(
1 − 𝛿2
) 3
2

(1 − |t2|) 32 (1 − |u2|) 32 .
The estimate fromabove indicates clearly the critical case of nodes located close to the boundary of unit ball, which is a
well-known stability issue of the Bergman kernel. Therefore, by maximising the denominator of the estimate, a sharp
upper bound for the Bergman kernel can be obtained assuring stable behaviour during the solution of interpolation
problem.

4 INTERPOLATION WITH RANDOM SUBDIVISION SCHEME

In previous sections, we have considered the classical formulation of interpolation problem (2), where the interpo-
lation values a𝑗 ∈ 𝓁(d) are given exactly. However, in practical applications, very often interpolation values come
from measurements and therefore are not exact. Thus, the goal of this section is to introduce random noise in the
interpolation data.

4.1 Subdivision scheme for interpolation in a ball
We introduce now icosahedral subdivision scheme for the unit ball by adapting available results and ideas.18 Let 𝜂i, i =
1, 2, 3 be barycentric coordinates of a spherical triangle. We consider barycentric coordinates as interpolation nodes. In
this case, the subdivision operator Sa is defined as follows

Sa ∶=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜂( 𝑗+1,k) =

( 2 0 0
0 2 0
0 0 2

)⎛⎜⎜⎝
𝜂
( 𝑗)
1
𝜂
( 𝑗)
2
𝜂
( 𝑗)
3

⎞⎟⎟⎠ +
(
𝛿1k 0 0
0 𝛿2k 0
0 0 𝛿3k

)
,

𝜂( 𝑗+1,4) =

(−2 0 0
0 −2 0
0 0 −2

)⎛⎜⎜⎝
𝜂
( 𝑗)
1
𝜂
( 𝑗)
2
𝜂
( 𝑗)
3

⎞⎟⎟⎠ +
( 1 0 0
0 1 0
0 0 1

)
,

(4)

where k = 1, 2, 3, 4 is the number of subtriangles T1, T2, T3, and T4 shown in Figure 1; j is the number of subdivision;
and 𝛿ik, i = 1, 2, 3 is the classical Kronecker delta. By using the introduced subdivision operator, the interpolation nodes
on the next level can be obtained as follows

𝜂(l+1,p) = Sa𝜂(l,𝑗),

where l is the number of level and p = 4j + k − 1 is the number of nodes obtained on each level of subdivision from the
previous level.
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FIGURE 1 Subdivision of the spherical triangle

The proposed subdivision scheme allows a consistent triangulation of a sphere, but for the task of interpolation in a
ball, the radial variable r has to be considered. Thus, finally, we define the subdivisions as follows

𝜗(l+1,m+1,𝜌i) = Sa𝜗(l,m,𝜌i), with 𝜗(l,m,𝜌i) =
(
𝜌i, 𝜂

(l,m)) ,
where 𝜌i, i = 1, 2, … represent the radii of nested spheres used to discretise the ball. The idea behind is to use a finite
number of nested spheres (layers) in the ball and perform on each sphere identical subdivision given by (4).
The total number of nodes obtained on kth subdivision is given by

 = (2 + 40k2)Nr ,

where Nr denotes the number of spherical layers in the ball. Additionally, for the upcoming calculations, we assume that

on each subdivision, we have a defined ordering of nodes, ie,
{
𝜗
(l,m,𝜌i)
𝑗

}
𝑗=0

→ N.

4.2 Interpolation with random subdivision scheme
We start with the following definition.19

Definition 6. The subdivision scheme is said to be convergent to a uniformly continuous basic limit function g if

lim
m→∞

sup
m∶m=4𝑗+k−1

||||g(𝜗(l,m,𝜌i)) − (S(l)a 𝛿)m|||| = 0,

where 𝛿 is the delta sequence
{
𝛿i = 𝛿i,0

}
i∈Z.

For 𝛼 ∈ (0, 1), we consider the following family of random variables

v(l+1,m+1,𝜌i) = Sa𝜗(l,m,𝜌i) + 𝛼(l,m,i)𝜀(l,m,i), l,m, i = 1, 2, … ,

where 𝜖(j) is a sequence of vectors of iid Gaussian random variables representing white noise and Sa is the subdivi-
sion operator defined in (4). The difference to the classical applications of subdivisions schemes is the fact that in the
considered case, the limit function g, in general, is not refinable. Therefore, we consider the random process in the
following form:

𝜓(x) =
∑
(l,m,i)

cl,m,iK
(
x, 𝜗(l,m,𝜌i) + 𝛼(l,m,i)𝜀(l,m,i)

)
≈
∑
(l,m,i)

cl,m,i
[
K
(
x, 𝜗(l,m,𝜌i)

)
+ 𝛼(l,m,i)𝜀(l,m,i)∇K

(
x, 𝜗(l,m,𝜌i)

)]
.

(5)

Taking into account the total number of nodes  obtained on kth subdivision, we can rewrite random process (5)
as follows:

𝜓(x) =
∑
𝑗=0

∑
k∈N

c𝑗,kK
(
x, 𝜗( 𝑗,k) + 𝛼𝑗𝜀( 𝑗,k)

)
≈

∑
𝑗=0

∑
k∈N

c𝑗,k
[
K
(
x, 𝜗( 𝑗,k)

)
+ 𝛼𝑗𝜀( 𝑗,k)∇K

(
x, 𝜗( 𝑗)
)]
.

(6)

with k denoting the number of subdivision.
The next step is to prove the convergence of the subdivision scheme and characterise its distribution. Thus, we have the

following theorem.
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Theorem 5. With probability one, the sum (6) convergence absolutely and hence represents a continuous function.

Proof. Let us consider 𝛽 such that 𝛼 < 𝛽 < 1, and for a fixed bounded ball IB ⊂ B, we consider the independent
events Ej,k such that |||𝛼𝑗𝜀( 𝑗,k)||| ≤ 𝛽𝑗 ∀ l,m, i,
where the inequality has to be applied component-wise, and let T ∶= supp

[
K
(
x, 𝜗( 𝑗,k)

)]
∩ IB. We show now that

P(Ejev.) ≠ 0, that is, P(EC
𝑗,ki.o.) ≠ 1.19 Let us consider∏

( 𝑗,k)∈T
P
(|𝜀( 𝑗,k)| ≤ 𝛽𝑗

𝛼𝑗

)
.

For each k, there are at most 𝛾(2 + 40k2) points in T, where 𝛾 is a constant depending on IB and the support of
K
(
x, 𝜗( 𝑗)
)
. Using the error function

erf

(
u√
2𝜎

)
= P (|X| ≤ u) ,

for u > 0, we have ∏
( 𝑗,k)∈T

P
(|𝜀( 𝑗,k)| ≤ 𝛽𝑗

𝛼𝑗

)
≥

∞∏
𝑗=0

erf
⎛⎜⎜⎝

𝛽𝑗

𝛼𝑗√
2𝜎

⎞⎟⎟⎠
𝛾

.

Since
1 − erf (u) ≤ e−u2 ,

we get ∏
( 𝑗,k)∈T

P
(|𝜀( 𝑗,k)| ≤ 𝛽𝑗

𝛼𝑗

)
≥

∞∏
𝑗=0

(
1 − e−

(𝛽∕𝛼)2𝑗

2𝜎2

)𝛾(2+40𝑗2)
.

The right-hand side is an infinite product of positive numbers, which is known to converge to a nonzero real number
iff the series

∞∑
𝑗=0
𝛾(2 + 40𝑗2) log

(
1 − e−

(𝛽∕𝛼)2𝑗

2𝜎2

)
convergence. Since the limit comparison test

lim
𝑗→∞

𝛾(2 + 40𝑗2) log
(
1 − e−

(𝛽∕𝛼)2𝑗

2𝜎2

)
𝛾(2+ 40𝑗2)e−

(𝛽∕𝛼)2𝑗

2𝜎2

= 1

holds true, for the convergent series
∑∞
𝑗=0 𝛾(2 + 40𝑗2)e−

(𝛽∕𝛼)2𝑗

2𝜎2 , then the proof is completed.

Corollary 1. The limit process 𝜓(x) is Gaussian with expectation function
E(𝜓(x)) = 0

and two-point correlation function

R(x,y) ∶= E(𝜓(x)𝜓(y)) =
∑
𝑗=0

∑
k∈N

𝜎2c𝑗,k𝛼2𝑗∇K
(
x, 𝜗( 𝑗)
)
∇K
(
y, 𝜗( 𝑗)
)
.

Proof. Since 𝜀(j) ∼ N(0, 𝜎2), it is easily follows that

E(𝜓(x)) =
∑
𝑗=0

∑
k∈N

c𝑗,k𝛼𝑗∇K
(
x, 𝜗( 𝑗)
)
∇K
(
y, 𝜗( 𝑗)
)
E(𝜀( 𝑗)) = 0

and

E(𝜓(x)𝜓(y)) =
∑
𝑗=0

∑
k∈N

c𝑗,kE
(
(𝜀( 𝑗))2
)
𝛼2𝑗∇K

(
x, 𝜗( 𝑗)
)
∇K
(
y, 𝜗( 𝑗)
)

=
∑
𝑗=0

∑
k∈N

𝜎2c𝑗,k𝛼2𝑗∇K
(
x, 𝜗( 𝑗)
)
∇K
(
y, 𝜗( 𝑗)
)
.
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To conclude this section, we make the following remark.

Remark 1. If the random process 𝜓(x) is given by

𝜓(x) =
∞∑
k
𝜑k(x)ak

with {𝜑k(x)} being an orthonormal basis of monogenic functions in the unit ball, then

E(𝜓(x)) = 0 and E(𝜓(x)𝜓(y)) = K(x,y),

where K(x, y) is a Bergman kernel.

5 NUMERICAL REALISATION

In previous sections, it has been shown that a unique interpolation using atoms of the form

k𝑗 = K(x,x𝑗)

is possible. In practice, it implies that the following finite system of equation has to be solved
N∑
k=0

K(x𝑗 , xk)ck = y𝑗 , 𝑗 = 0, … ,N, (7)

where xj are interpolation nodes and yj are interpolation data.
In this section, we discuss practical realisation of the proposed interpolation scheme for the case of quaternions, ie, the

case of the algebra H = 𝓁+
0,3. Numerical calculations with quaternionic matrices have been done by using the Matlab

package.20

For many practical applications related to matrix computations, it is necessary to have estimates for the matrix eigen-
values. As the next step, we provide a general formulawith explicitly given entries for the estimation of eigenvalues of the
interpolationmatrix. The location of eigenvalues for quaternionic matrices can be estimated by the help of the following
theorem.21

Theorem6. Let A be an n × n central closedmatrix. Then all the standard eigenvalues 𝜆 of A are located in the following
Gerschgorin ball:

G(A) =
{
z ∈ H ∶

||||z − Tr(A)
n
|||| ≤ R(A)

}
,

where

R(A) =
√

n − 1
2n − 1

√
n − 1
n

𝜂 +
√
𝜂2 − 2n − 1

n2
F(A),

with

𝜂 = ||A||2F − |Tr(A)|2n
, F(A) = ||AA∗||2F − ||A2||2F.

Taking into account that the interpolation matrix K in (7) is hermitian, we immediately obtain that F(K) = 0 and the
remaining task is to estimate 𝜂. For the main diagonal, ie, u = t, the Bergman kernel has the following form

B(u,u) = −
(2uū − 3) |ūu − 1|2 − 3

(
u|u|2 − u

) (|u|2ū − ū
)

|ūu − 1|5 = 3 + |u|2
(1 − |u|2)3 .

Thus, the trace of interpolation matrix K can be estimated from below as follows

|Tr(K)| ≥ nmin
i

(
3 + |ui|2

(1 − |ui|2)3
)
.

Using the estimate from above (3), we get the following estimate for ||K||2F
||K||2F ≤∑

i,𝑗

|||||||
8
(
1 − 𝛿2
) 3
2

(1 − |ti|2) 32 (1 − |u𝑗|2) 32
|||||||
2

.
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Thus, we get the following estimate for the eigenvalues of interpolation matrix K:

|𝜆 − min
i

(
3 + |ui|2

(1 − |ui|2)3
) | ≤

≤
√

n − 1
n

√√√√√√∑
i,𝑗

|||||||
8
(
1 − 𝛿2
) 3
2

(1 − |ti|2) 32 (1 − |u𝑗|2) 32
|||||||
2

− nmin
i

(
3 + |ui|2

(1 − |ui|2)3
)
.

For the interpolation points, we need a grid that takes advantage of the geometry. To this end, we consider a grid in
spherical coordinates, where for the radius, we have a hyperbolic scaling ri = tanh i, i = 1, · · ·, n while for each ri, we use
a uniformly random distribution of 2ri points on the sphere with radius ri.
It is well-known that calculations with reproducing kernels have usually (potential) numerical instability that must

be handled during the solution procedure. Additionally, in many applications, it is beneficial to have sparse solutions,
ie, solutions that have only a few nonzero coefficients. To achieve both goals, we need an algorithm that combines a
regularisation method with sparsity constraints. To this end, we start by providing an adequate representation of the
solution built as linear combination of our atoms K(x, xk) for L2(Bd) ∩ ker D established in Section 3. Let Λ be the
countable index set representing the frame grid, and let the frame be denoted by Ψ = {k𝜆 ∶ 𝜆 ∈ Λ} ⊂ L2(B3). For 𝛹 , we
may consider the operator

F ∶ L2(B3) → 𝓁2(Λ) via 𝑓 → {⟨𝑓, k𝜆⟩}𝜆∈Λ
with adjoint

F∗ ∶ 𝓁2(Λ) → L2(B3)via c →
∑
𝜆∈Λ

c𝜆k𝜆.

Therefore, the inverse problem can be recast as follows: find a sequence c ∈ 𝓁2(Λ) such that

EN (F∗c) = g.

Since the data might be inexact (no equality between R(f) and g𝛿), we focus on minimising the Gaussian discrepancy

D(c) ∶= ||g𝛿 − EN (F∗c)||2L2(Bd).

In this application, we are going to assume that the solution c to be reconstructed has a sparse expansion, ie, c has only a
few nonvanishing coefficients or can be nicely approximated by a small number of coefficients.
One well-understood approach to involve this sparsity constraint is given by adding an 𝓁1 penalty term to the Gaussian

discrepancy leading to
D(c) + 𝛾||c||𝓁1(Λ).

The treatment of such functionals is not difficult to handle and was elaborated and successfully applied in several
papers.22-26 However, the resulting iteration is known to converge usually quite slow, and a detailed analysis of the charac-
teristic dynamics of the corresponding thresholded Landweber iteration has shown that the algorithm converges initially
relatively fast, then it overshoots the 𝓁1 penalty, and it takes very long to recorrect back. To circumvent this “external”
detour, it was proposed to force the iterates to remain within a particular 𝓁1 ball BC ∶=

{
x ∈ 𝓁2; ||x||𝓁1(Λ) ≤ C

}
.27,28 This

leads to the constrained minimisation approach
min
c∈BK

D(c). (8)

To accelerate the resulting iteration, we may apply techniques from standard linear steepest descent methods, which is
the use of adaptive step lengths. Therefore, a minimisation of (8) results in a projected iteration with step length control,

cn+1
𝜆

= PK
(
cn
𝜆
+ 𝛽n

r
FE∗

N(g − EN (F∗cn))
)
. (9)

The convergence of thismethod relies on a proper step length parameter rule for 𝛽n.With respect to a sequence {cn}n∈N,
the parameter 𝛽n must be chosen such that

(B1) 𝛽 ∶= sup{𝛽n;n ∈ N} <∞ and inf{𝛽n;n ∈ N} ≥ 1

(B2) 𝛽n||EN(F∗cn+1) − EN (F∗cn)||2 ≤ r||cn+1 − cn||2 ∀n ≥ n0
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are fulfilled,where the constant r is anupper bound for ||ENF∗||2. Practically, the implementation of the proposed projected
steepest descent algorithm is as follows

Given operator EN, some initial guess c0, and S (sparsity constraint 𝓁1-ball BS)
Initialisation ||ENF∗||2 ≤ r,

set q = 0.9 (as an example)
Iteration for n = 0, 1, 2, …until a preassigned precision / maximum number of iterations

1. 𝛽n = C ·
√

D(x0)
D(xn)

, C ≥ 1 (greedy guess)

2. cn+1 = PS
(
cn + 𝛽n

r
FE∗

N (g − EN (F∗(cn)))
)
;

3. verify (B2): 𝛽n||EN(F∗cn+1) − EN(F∗cn)||2 ≤ r||cn+1 − cn||2
if (B2) is satisfied increase n and go to 1.
otherwise set 𝛽n = q · 𝛽n and go to 2.

end

When performing iteration (9), the main operating expense is due to the computation and application of FE∗
NENF

∗.
Therefore, an adaptive variant of the full iteration by involving adaptive matrix vector multiplications could significantly
reduce the numerical complexity. Unfortunately, in general, the matrix FE∗

NENF
∗ belongs neither to the Jaffard nor to

the Lemarie class. Therefore, so far, established adaptive strategies for operator equations cannot be applied in a straight-
forward way as done in the Euclidean situation.29 Nevertheless, efficient strategies for computing the matrix entries are
possible and allow thrifty linear approximation techniques.

(A) Fueter variable: absolute errort (B) Fueter variable: relative error

(C) Cubic polynomial: absolute error (D) Cubic polynomial: relative error

(E) Cauchy kernel: absolute error (F) Cauchy kernel: relative error

FIGURE 2 Absolute (left) and relative (right) errors for numerical examples. Number of nodes is plotted along horizontal axes. Since we
employ the random subdivision scheme, no specific ordering for the nodes is used
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TABLE 1 Maximum of relative errors for different
number of nodes

Example 84 Nodes 340 Nodes

Fueter variable 1.6047 · 10−7 4.7713 · 10−9

Cubic polynomial 1.9649 · 10−6 1.1042 · 10−7

Cauchy kernel 3.2800 · 10−6 4.2504 · 10−7

All numerical computations are performed on a laptop with the CPU i7-5600U and 12 Gb RAM using Matlab. We
perform numerical tests for the following three examples in R3:

(i) Fueter variable z1 = x1 − x0e1;
(ii) cubic polynomial P3 = x21x2 − x20x2 − 2x0x1x2e1 +

(
1
3
x30 − x0x21

)
e2

(iii) shifted Cauchy kernel with singularity outside of the unit ball E2(x) =
x − a|x − a|3 , where a is the point of shift. For the

numerical calculations, we choose a located near the unit ball on a real axis.

All calculations have been performed for 340 nodes randomly distributed in the unit ball. Figure 2 shows the results of
the calculations in terms of absolute and relative errors.
Additionally, Table 1 shows maximum of relative errors for different number of nodes. As we can clearly see from

the numerical results, the proposed scheme provides high accuracy already for a small number of nodes. To obtain a
similar results withmonogenic polynomials, it would be necessary to consider polynomials at least up to degree 25, which
typically leads to high computational costs and numerical instability.

6 CONCLUSIONS

In this paper, we have presented an approach to interpolation of monogenic functions based on RKHS. We consider the
Bergman kernel for interpolation in the unit ball. For the practical implementation, we provide estimates for the interpo-
lation error as well as for eigenvalues of the interpolation matrix. Moreover, having applications of the proposed scheme
in themind, interpolationwith randomly distributed nodes has been studied. Because of known numerical stability issues
related to computations with Bergman kernel, a regularisation schemewith sparsity constrains has been used for numer-
ical examples. Finally, three numerical examples have been presented showing very good approximation quality of the
proposed scheme already with a low number of nodes.
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