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ABSTRACT 

 

Wireless structural health monitoring (SHM) represents an emerging paradigm in non-

destructive testing evaluation, which is regularly performed within the framework of 

structural maintenance of critical infrastructure. While traditional cable based SHM 

strategies have largely relied on centralized structural response data collection and 

processing, in wireless SHM the sensor nodes essentially operate as stand-alone 

processing units. Furthermore, the on-board processing capabilities of wireless sensor 

nodes have been widely exploited for decentralizing SHM tasks, thus avoiding power-

consuming wireless transmission of entire structural response data sets. Evidently, on-

board processing requires approaches tailored to the limited computational resources of 

wireless sensor nodes, particularly for computationally intensive, state-of-the-art 

strategies for SHM that rely on artificial intelligence (AI). Specifically, in model-based 

SHM/AI strategies, AI algorithms are trained by running the so-called ‘what-if’ 

scenarios using numerical models of monitored structures. However, the use of 

numerical models in a decentralized wireless SHM scheme might be prohibitive from 

a computational resources point of view. To overcome this limitation, analytical 

modeling techniques using elastic waveguides are developed here that carry a low 

computational burden. These are specifically tailored for flexible structures of variable 

cross-section, which comprise typical components of critical infrastructure such as 

masts, antennas and pylons, and can be used for simulating axial, torsional and flexural 

vibrations. The accuracy and efficiency of the proposed analytical modeling approach 

is then demonstrated through comparisons with conventional numerical models based 

on the finite element method. 
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1. INTRODUCTION 

 

Broadly speaking, infrastructure can be classified as the built environment plus the 

necessary networks for the supply of energy (power grids, wind turbines, oil and natural 

gas pipelines), water (pipeline grids), communications (antennas for cell phones, 

television and radio transmission, cables for telephone and internet use) and 

transportation (roads, bridges, tunnels and rail lines). These networks form a special 

category of engineering construction for the purpose of serving the daily needs of 

society, whose operation must remain continuous over time inasmuch as possible. 

Moreover, in accordance with contemporary concerns on infrastructure resilience, 

assets with high risk of exposure, labelled as ‘critical infrastructure’, need to be 

effectively maintained so as to exhibit rapid response and recovery capabilities in the 

event of natural disasters [1]. Traditionally, structural maintenance of critical 

infrastructure networks has been conducted following non-destructive testing 

evaluation practices, such as on-site visual inspections. However, visual inspections 

rely on the availability and judgment of skilled personnel, which inevitably results in 

gross temporal discontinuities in the inspection protocol, as well as a risk for bias in the 

structural condition assessment of critical infrastructure networks. Advances in sensor 

technologies over the past four decades [2] have enabled the development of the 

Structural Health Monitoring (SHM) paradigm, whereby critical infrastructure 

networks are continuously monitored in terms of their overall performance and 

response to environmentally induced loads [3]. Thus, data streams generated by 

continuous monitoring can be processed with the aid of Artificial Intelligence (AI) 

algorithms [4] that will allow the managing authorities to reach rational conclusions 

regarding network operations [5].  

The collection of structural response data in SHM systems is performed in tandem 

with data processing to extract useful information on the structural condition. These 

data processing methods are usually combined with numerical modeling for assessing 

the structural condition in either of two ways [6,7]: (i) Educated assumptions on 

material and structural properties of the monitored structure, known as ‘model-based’ 

monitoring, or (ii) relationships between structural response data sets regardless of the 

physics underlying the structural response, known as ‘model-free’ monitoring. Model-

based data processing in SHM provides valuable insights into relationships between 

structural response data and the structural behavior. Furthermore, they offer elaborate 

model definitions that enable accurate predictions on the structural behavior if 

uncertainties in modeling assumptions are sufficiently low. Nonetheless, the bulk of 

state-of-the-art SHM strategies is associated with model-free data processing, due in 

part to the relatively low bias in condition assessment, since epistemic uncertainty is 

essentially alleviated, and to the efficiency of data-driven analysis algorithms yielding 

the structural properties. In model-free monitoring, mathematical modeling holds no 

part in the actual structural condition assessment and is reduced to rudimentary 

assumptions, for example in considering correlations between structural response data 

sets collected from different sources.  

The importance of model-based data processing in SHM however becomes 

apparent when considering using monitoring outcomes for decision making regarding 

the existence of damage or preventive action against unfavorable loading conditions, as 

for example in structural control [8,9]. In recent SHM applications, decision making 

has been increasingly drawing from the field of AI, following trends in informatics 

emerging within the context of ‘Industry 4.0’ that foster the integration of the physical 

with the digital world, which in SHM may translate as building a ‘digital twin’ of the 



monitored structure [10]. In SHM/AI strategies, structural response data sets are 

processed with the aid of AI and its subset, Machine Learning (ML), which in its basic 

form may either be supervised (i.e. mapping the relationship between given input and 

output) or unsupervised (i.e. detecting features in structural response data with no input 

and output provided). In supervised learning, AI/ML algorithms require training for 

developing learning rules which enable classifiers to categorize samples into predefined 

categories. In SHM, these categories cover a broad range of structural response 

scenarios [11] for the purpose of allowing managing authorities to reach rational 

conclusions regarding the current state of critical infrastructure networks operation and 

to assess the need for maintenance, repair, retrofit and rehabilitation.  

More specifically, supervised learning requires training structural response data 

sets that cover all potential structural response phenomena considered within each SHM 

strategy, which are generally not available from recorded structural response sets 

coming from operational conditions [12]. Evidently, SHM/AI strategies leveraging 

supervised learning, require model-based data processing, with models being used for 

devising ‘what-if’ scenarios for producing inputs and outputs to be used for training. 

Following standard practice in structural engineering, numerical models resulting from 

application of the finite element method (FEM), are typically used for ‘what-if’ 

scenarios. However, from a decentralized data processing viewpoint, especially with 

modern wireless SHM systems, numerical models may be computationally prohibitive 

for the limited resources of wireless sensor nodes [13]. In what follows, a brief 

overview of numerical modeling practices typically employed in structural engineering 

is provided to buttress our claim that computationally efficient modeling approaches 

need to be sought for supervised learning SHM/AI strategies in wireless SHM systems. 

The literature on numerical modeling is vast, and especially so in the areas of 

structural dynamics and earthquake engineering [14,15] which is where one would first 

look to develop models for SHM purposes. We will therefore restrict the presentation 

by simply mentioning two basic categories of models, namely those with (i) discrete 

mass and (ii) continuous mass distribution. In the former category, the mass matrix is 

introduced either in an ad hoc manner by simply lumping masses at nodes or through a 

variational principle in much the same way as is done for the stiffness matrix. The 

former type of formulation is used in the Finite Element Method (FEM) and in all cases 

an approximation is committed, which implies that a parametric study on mesh 

convergence must be done for gauging the accuracy of both stiffness and inertia 

representations. Furthermore, damping is usually of the Rayleigh type, whereby the 

damping matrix is constructed as a linear combination of the mass and stiffness 

matrices. This implies a linearization of the energy loss mechanisms during vibrations. 

In the latter category of models, one is faced with representations written in terms of 

partial differential equations whose solution is difficult, if not impossible, to obtain 

analytically [15]. For single, 1D (line) elements such as the flexural beam, the axial rod 

and the torsional shaft, the exact solution to the underlying differential equation is 

among the most accurate representations available in structural mechanics. More 

specifically, the transient problem is usually handled by mode superposition, whereby 

the eigenvalue problem is solved first and yields an infinite number of frequencies and 

modes. Fortunately, for low to medium frequencies of vibration, relatively few nodes 

are sufficient to produce an accurate solution. The alternative is to use time stepping 

techniques based on numerical algorithms such as the Newmark-beta method [14], but 

these are best applied to multiple degree-of-freedom (MDOF) systems. With respect to 

the question of material damping in continuous systems, this is included by recourse to 

principles of viscoelasticity [16]. There, the elastic moduli of the structure in question 



are replaced by complex numbers whose real part is the original modulus and the 

imaginary part, which is frequency dependent, dampens the transient motion. Finally, 

there are some additional modelling considerations that must be taken into account for 

continuous systems: (i) Coupling effects, such as those that occur when axial vibrations 

influence flexural vibrations and vice-versa. For a flexible structure under general types 

of loads, there is bound to be an influence of the axial load on the flexural motion, but 

not the reverse [17]; (ii) Dispersion effects when there is a non-uniform distribution of 

the stiffness and mass along the length of the structural element [18]. These effects 

cannot be ignored for pylons and antennas that are tapered and have been taken into 

account in the present development; (iii) In terms of external loading scenarios, flexible 

antennas are invariably subjected to various categories of ambient vibrations [19]. 

However, they are also influenced by temperature variations, by aerodynamic loads 

[20] and by ground motions, which necessitates accounting for soil-structure-

interaction effects [21]. 

Summarizing the above discussion, it is obvious that the usual path followed 

nowadays for modeling critical infrastructure assets, namely the FEM, requires creating 

meshes for discretizing the continuum that are quite detailed, especially for structural 

dynamics purposes, and may not be accommodated within wireless sensors with limited 

computational power and power supply [22,23]. As a result, the need for introducing 

analytical models with closed-form solutions which can be easily programmed using 

commonly available programming languages such as Java [24], C++ [25] and Python 

[26], comes to the forefront. This work therefore focuses on analytical modeling for 

flexible structures with tapered cross sections that is both accurate, efficient and 

requires small amounts of computing power. The analytical modeling approach builds 

on the theory of elastic waveguides for simulating both axial and flexural vibrations. 

The ease of running ‘what-if’ scenarios with the proposed analytical modeling approach 

enables the efficient on-board training of AI/ML algorithms, which is vital in long-term 

wireless SHM systems that are inherently characterized by high levels of automation. 

Specifically, in long-term wireless SHM systems, structural response data sets collected 

under operational conditions, e.g. generated by ambient vibrations and other 

environmentally-induced loads, are propagated through an AI/ML algorithm, which 

upon failure to classify the structural response data may autonomously call for 

retraining using the analytical modeling approach directly on-board. As a result, the 

wireless SHM system will be able produce up-to-date, reliable and focused information 

that will give engineers the ability to decide in a rational and economic manner if the 

structure being monitored is experiencing duress and needs to be further investigated 

and assessed for possible repairs by recourse to existing rehabilitation protocols [27].    

The paper is organized as follows: Section 2 describes the elastic waveguide model 

for flexible structures with variable stiffness, typically employed in critical 

infrastructure. The mathematical formulation and solution behind the proposed 

analytical modeling approach is developed in Sections 3 and 4, while validation type 

examples are presented in Section 5, including comparisons with FEM approaches. The 

paper ends with a summary and some conclusions, plus an outlook on future research 

directions. 

 

2. MECHANICAL MODELS FOR VARIABLE STIFFNESS STRUCTURES 

 

In here, we will model flexible structures, such as antennas and pylons used primarily 

in power transmission and telecommunications, as waveguides, i.e. as continuous, base-

supported beams of variable cross-section and material properties, see Fig. 1. These 



waveguides undergo axial, flexural and torsional vibrations, but the third category is 

usually of minor consequence for structures that are radially symmetric about their 

vertical axis. The remaining two types of vibrations are in principal coupled, but the 

influence of the former on the latter appears to be minimal [18]. The reason is that axial 

vibrations occur at much higher frequencies as compared to flexural ones, while at the 

same time environmentally induced loads are usually more pronounced in the lower 

frequency range. An additional aspect that must be kept in mind, especially when SHM 

is carried out, is the temperature dependence, given that pylons operate year-round and 

experience temperature variations of up to 40°C or more. These effects will not be 

examined here.  

 

 
 

Figure 1: R/C pylons of variable, circular-cylindrical cross-section used to support 

power lines for trains (URL: https://www.freeimages.com/photo/black-and-white-

photo-of-rail-and-power-1631823) 

 

More specifically, Fig. 2 depicts a free-standing waveguide placed along the X-

axis. Under the influence of transverse 𝑓(𝑥, 𝑡), longitudinal 𝑝(𝑥, 𝑡) and torsional 𝜏(𝑥, 𝑡) 

loads distributed along the length of the waveguide and of initial conditions, a bending 

moment 𝑀(𝑥, 𝑡), a torsional moment 𝑇(𝑥, 𝑡), a shear force 𝑄(𝑥, 𝑡) and an axial force 

𝑁(𝑥, 𝑡) develop across the cross-section. Also, 𝑢(𝑥, 𝑡) and 𝑤(𝑥, 𝑡) are the axial and 

transverse displacements, respectively, with 𝜕𝑤/𝜕𝑥 being the slope of the neutral axis. 

Finally, 𝜃(𝑥, 𝑡) is the rotation of the cross-section with respect to the vertical direction. 

The following set of equations gives the definition for the forces using beam theory, 

and with boundary conditions corresponding to end fixity of the cantilevered 

waveguide, while initial conditions assumed to be zero: 

 



𝑁 = 𝐸𝐴(𝑥)(𝜕𝑢 𝜕𝑥⁄ ), 𝑀 = −𝐸𝐼(𝑥)(𝜕𝑤2 𝜕𝑥2⁄ ), 𝑄 = −𝐸𝐼(𝑥)(𝜕𝑤3 𝜕𝑥3⁄ ), 

𝑇 = 𝐺𝐽(𝑥)(𝜕𝜗/𝜕𝑥) 

 

𝑀(𝑎, 𝑡) = 𝑄(𝑎, 𝑡) = 𝑤(𝑏, 𝑡) = 𝑤′(𝑏, 𝑡) = 0, 𝑁(𝑎, 𝑡) = 𝑢(𝑏, 𝑡) = 0, 
𝑇(𝑎, 𝑡) = 𝜃(𝑏, 𝑡) = 0                                                                                                  (1) 

 

In the above, 𝐸𝐴(𝑥), 𝐺𝐽(𝑥) and 𝐸𝐼(𝑥) are the aggregate axial, torsional and flexural 

stiffness that varies along the antenna length 𝑎 ≤ 𝐿 ≤ 𝑏. Obviously, a large length 

𝐿 =  𝑏 − 𝑎 as compared to the lateral dimensions defines a flexible structure. Finally, 

the alternative notation that will be used here involves primes (′) and dots (.) to 

respectively denote differentiation with respect to the spatial coordinate x and time t.  

 

 

 
 

Figure 2. (a) Pylons modelled as base-supported elastic waveguides;  

(b) longitudinal cross-section of infinitesimal length dx showing all forces;  

(c) deformed pattern in the lateral direction; (d) transverse cross-section; (e) variation 

of the cross-section radius with height 

 

2.1 Waveguide geometry and properties 

In what follows, we will consider a circular cylindrical waveguide with a cross-section 

in the form of an annulus with constant thickness 𝑑 and variable radius 𝑅(𝑥), a rather 

common design for pylons dictated by practical considerations. As shown in Fig. 2d, 

the reference radius is the mean radius of the cross-section defined as 𝑅 = 𝑅𝑒𝑥𝑡 − 𝑑/2, 

where 𝑅𝑒𝑥𝑡 is the external radius. For small thickness 𝑑, the cross-section area, moment 

of inertia, polar moment of inertia, mass per unit length and mass moment of inertia of 

the annulus about its centerline are approximated as 

𝐴 = 2𝜋𝑑𝑅, 𝐼 = 𝜋𝑅3𝑑, 𝐽 = 2𝐼, 𝑚 = 𝜌𝐴, 𝐼𝑚 = 𝑚𝑅2                                               (2) 

The expression used here for the variation of the radius with height is quadratic, i.e. 

𝑅(𝑥) = 𝑅𝑎 ∙ (𝑥/𝑎)2, with 𝑅𝑎 the mean radius at the top of the pylon, see Fig. 2e. This 

variation leads to Bessel equations of fractional order for the governing axial and 

torsional equations of motion and to Euler’s equation for flexural motion. For a 



quadratically changing radius, the following expressions for the waveguide stiffnesses 

and masses are recovered:  

𝐸𝐴(𝑥) = (𝐸𝐴)0(𝑥/𝑎)2, 𝐸𝐼(𝑥) = (𝐸𝐼)0(𝑥/𝑎)6, 𝐺𝐽(𝑥) = (𝐺𝐽)0(𝑥/𝑎)6   

𝑚(𝑥) = 𝑚0(𝑥/𝑎)2, 𝐼𝑚(𝑥) = 𝐼𝑚0(𝑥/𝑎)6                                                                   (3) 

where 𝐸𝐴0, 𝐸𝐼0, 𝐺𝐽0,  𝑚0, 𝐼𝑚0 area all reference values computed at the top of the 

waveguide, i.e. for 𝑅(𝑥 = 𝑎) = 𝑅𝑎. Note that it is possible to handle material properties 

that are also position dependent, as long as the aggregate stiffness and mass values obey 

Eq. (3). 

 

3. EQUATIONS OF MOTION FOR VARIABLE STIFFNESS WAVEGUIDES 

 

3.1 Equations of motion in the time domain 

By considering force and moment equilibrium of the differential segment 𝑑𝑥 in Fig. 2b, 

we obtain the coupled governing equations of motion in the longitudinal, transverse and 

rotational directions, respectively, as follows:   

 

 
𝜕

𝜕𝑥
(𝐸𝐴(𝑥)

𝜕𝑢(𝑥,𝑡)

𝜕𝑥
) −

𝜕

𝜕𝑥
[𝑄(𝑥, 𝑡)

𝜕𝑤(𝑥,𝑡)

𝜕𝑥
] − 𝑚(𝑥)

𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 = 𝑝(𝑥, 𝑡)                                    

𝜕2

𝜕𝑥2 (𝐸𝐼(𝑥)
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2 ) −
𝜕

𝜕𝑥
[𝑁(𝑥, 𝑡)

𝜕𝑤(𝑥,𝑡)

𝜕𝑥
]  + 𝑚(𝑥)

𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2 = 𝑓(𝑥, 𝑡)                                

𝜕

𝜕𝑥
(𝐺𝐽(𝑥)

𝜕𝜃(𝑥,𝑡)

𝜕𝑥
) − 𝐼𝑚(𝑥)

𝜕2𝜃(𝑥,𝑡)

𝜕𝑡2 = 𝜏(𝑥, 𝑡)                                                              (4)      

 

By ignoring the coupling terms 
𝜕

𝜕𝑥
[𝑄

𝜕𝑤

𝜕𝑥
] in the first and 

𝜕

𝜕𝑥
[𝑁

𝜕𝑤

𝜕𝑥
] in the second case, 

and by differentiating the variable stiffness terms, we receive the following equations: 

 

𝐸𝐴(𝑥)𝑢′′ + [
𝜕𝐸𝐴(𝑥)

𝜕𝑥
]𝑢′ − 𝑚(𝑥)�̈� = 𝑝(𝑥, 𝑡)                                                                       

𝐸𝐼(𝑥)𝑤′′′′ + 2 [
𝜕𝐸𝐼(𝑥)

𝜕𝑥
] 𝑤′′′ + [

𝜕2𝐸𝐼(𝑥)

𝜕𝑥2 ]𝑤′′ + 𝑚(𝑥)�̈� = 𝑓(𝑥, 𝑡)                                       

𝐺𝐽(𝑥)𝜃′′ + [
𝜕𝐺𝐽(𝑥)

𝜕𝑥
]𝜃′ − 𝐼𝑚(𝑥)�̈� = 𝜏(𝑥, 𝑡)                                                                              (5) 

 

Next, we introduce the variable stiffness representations of Eq. (2) and get the final 

form for the equations of dynamic equilibrium as follows: 

 
(𝐸𝐴)0

𝑎2 [𝑥2𝑢′′ + 2𝑥𝑢′] − 𝑚(𝑥)�̈� = 𝑝(𝑥, 𝑡)    

                                                                                
(𝐸𝐼)0

𝑎6 [𝑥6𝑤′′′′ + 12𝑥5𝑤′′′ + 30𝑥4𝑤′′] + 𝑚(𝑥)�̈� = 𝑓(𝑥, 𝑡)  

                                                 
(𝐺𝐽)0

𝑎2 [𝑥2𝜃′′ + 2𝑥𝜃′] − 𝐼𝑚(𝑥)�̈� = 𝜏(𝑥, 𝑡)                                                                                 (6) 

 

Remark 1: By examining the uncoupling assertions more carefully, we see that 

omission of the axial force 𝑁 in Eq. (4b) implies that 𝜕𝑤3 𝜕𝑥3⁄ = 0, i.e., we get a 

polynomial solution in the spatial coordinate for the transverse displacement in the form 

of 𝑤(𝑥, 𝑡) = 𝑔1(𝑡)𝑥2 + 𝑔2(𝑡)𝑥 + 𝑔3(𝑡). A similar state of affairs exists if we neglect 

the shear force 𝑄 in Eq. (4a), i.e., we get 𝜕𝑢/𝜕𝑥=0 so that 𝑢(𝑥, 𝑡) = (𝑎1𝑡 + 𝑎2)𝑥 +



(𝑏1𝑡 + 𝑏2). Strictly speaking therefore, Eq. (5) are no longer mathematically consistent 

with the original system of Eq. (4). In essence, what we assume is that axial and flexural 

vibrations in the waveguide are respectively induced by upwards/downwards travelling 

pressure (P) and horizontally polarized shear (SH) waves, without conversion from one 

wave type to another. 

 

3.2 Equations of Motion in the Frequency Domain 

We assume at this point harmonic vibrations for the waveguide executed with 

frequency 𝜔. Therefore, the dependent variables can be written as 𝑤(𝑥, 𝑡) =
𝑊(𝑥)𝑒𝑥𝑝(𝑖𝜔𝑡), 𝑢(𝑥, 𝑡) = 𝑈(𝑥)𝑒𝑥𝑝(𝑖𝜔𝑡) and 𝜃(𝑥, 𝑡) = 𝛩(𝑥)𝑒𝑥𝑝(𝑖𝜔𝑡), where 

𝑒𝑥𝑝(𝑖𝜔𝑡) = 𝑐𝑜𝑠(𝜔𝑡) + 𝑖𝑠𝑖𝑛(𝜔𝑡), 𝑖 = √−1. The same assumption will hold true for 

the external distributed forces, i.e., 𝑓(𝑥, 𝑡) = 𝐹(𝑥)𝑒𝑥𝑝(𝑖𝜔𝑡), 𝑝(𝑥, 𝑡) = 𝑃(𝑥)𝑒𝑥𝑝(𝑖𝜔𝑡) 

𝜏(𝑥, 𝑡) = 𝛵(𝑥)𝑒𝑥𝑝(𝑖𝜔𝑡). The new set of governing equations for harmonic motion now 

assume the following form: 

 

[𝑥2𝑈′′ + 2𝑥𝑈′] + 𝜔2𝑚0(𝑥/𝑎)2 𝑎2

(𝐸𝐴)0
 𝑈 =

𝑎2

(𝐸𝐴)0
 ∙ 𝑃(𝑥, 𝑡)    

                                                                                

[𝑥6𝑊′′′′ + 12𝑥5𝑊′′′ + 30𝑥4𝑊′′] − 𝜔2𝑚0(𝑥/𝑎)2 𝑎6

(𝐸𝐼)0
𝑊 =

𝑎6

(𝐸𝐼)0
∙ 𝐹(𝑥, 𝑡)  

                                                 

[𝑥2𝛩′′ + 2𝑥𝛩′] + 𝜔2𝐼𝑚0(𝑥/𝑎)6 𝑎2

(𝐺𝐽)0
𝛩 =

𝑎2

(𝐺𝐽)0
∙ 𝑇(𝑥, 𝑡)                                            (7)  

 

At this stage, if the above equations are normalized with respect to the leading 

derivative terms, we respectively recover a Bessel equation of order zero and a Euler 

equation of the fourth order, i.e.,  

 

𝑈′′ +
2

𝑥
𝑈′ + 𝛼2𝑈(𝑥) = �̃�(𝑥),      𝛼 = 𝜔/𝑐𝑃                                                                

𝑥4𝑊′′′′ + 12𝑥3𝑊′′′ + 30𝑥2𝑊′′ − 𝛽4𝑊(𝑥) = �̃�(𝑥),      𝛽2 =
𝜔

𝑐𝑃
∙

√2𝑎2

𝑅𝑎
             

𝛩′′ +
6

𝑥
𝛩′ + 𝛾2𝛩(𝑥) = �̃�(𝑥),      𝛾 = 𝜔/𝑐𝑠                                                                   (8) 

 

Note that both 𝑎(𝜔), 𝛽(𝜔), 𝛾(𝜔) are the usual real-valued wavenumbers associated 

with vibrations of prismatic beams and have units of (1/m), while 𝑐𝑃 = √𝐸/𝜌 and 𝑐𝑆 =

√𝐺/𝜌  are the wave speeds in (𝑚/𝑠𝑒𝑐) of the longitudinal and shear waves in the 

waveguide, respectively. Finally, �̃�, 𝐹,̃ �̃� are the scaled spatial amplitudes of the 

external forces.  

Remark 2: We note at this point that a more general expression for the variation of 

the cross-section radius with height is 𝑅(𝑥) = 𝑅𝑎 ∙ (𝑥/𝑙)𝑚/𝑛, where 𝑚, 𝑛 are integers 

and 𝑙 is a reference length. Previous work with a linear variation of the radius with 

height (𝑚 = 𝑛 = 1) still resulted in Bessel equations for the axial and torsional 

vibrations, but the flexural equation of motion was an incomplete Euler equation, not 

solvable with the usual change of variables substitution for 𝑥. In addition, it is possible 

to allow the thickness to vary with height, but this is rare in engineering practice. 

 

3.3 Solutions to the Homogeneous Equations of Motion in the Frequency Domain 

The general form of the homogeneous solutions [28] to the above equations in the 

frequency domain are as follows: 



 

𝑈(𝑥) = 𝑥−1/2 ∙ {𝐴1𝐽
(−

1

2
)
(𝛼𝑥) + 𝐴2𝐽

(+
1

2
)
(𝛼𝑥)},   𝑥 > 0                                                       

 

𝑊(𝑥) = 𝐵1|𝑥|𝑟1 + 𝐵2|𝑥|𝑟2+𝐵3|𝑥|𝑟3+𝐵4|𝑥|𝑟4                                                                        

 

𝛩(𝑥) = 𝑥−5/2 ∙ {𝐶1𝐽
(−

5

2
)
(𝛾𝑥) + 𝐶2𝐽

(+
5

2
)
(𝛾𝑥)},   𝑥 > 0                                                (9) 

 

In the above, 𝐽(𝑞) are the Bessel functions [29] of first kind and fractional order 𝑞, while 

exponents 𝑟𝑖, 𝑖 = 1,4 are non-repeated complex numbers. Also, 𝐴𝑖,𝐵𝑖 , 𝐶𝑖 are constants 

of integration to be determined from the boundary conditions. 

For flexural vibrations, Euler’s equation (8b) requires a preliminary transformation 

of variables as 𝑥 = 𝑒𝑦, 𝑦 = ln (𝑥) to convert it into a differential equation with constant 

coefficients:  

 

𝑑4𝑊/𝑑𝑦4 + 6 ∙ 𝑑3𝑊/𝑑𝑦3 + 5 ∙ 𝑑𝑊2/𝑑𝑦2 − 12 ∙ 𝑑𝑊/𝑑𝑦 − 𝛽4𝑊(𝑦) = 0            (10)  

 

The characteristic polynomial for the above differential equation that must be solved 

for determining the exponents 𝑟𝑖 is 

 

𝑟4 + 6𝑟3 + 5𝑟2 − 12𝑟 − 𝛽4 = 0                                                                                     (11) 

 

Solution to the above quartic polynomial in 𝑟 can be found in mathematical handbooks 

and the roots turn out to be complex numbers. Then, use of De Moivre’s theorem gives 

terms of the following kind: 𝐵𝑗𝑥𝑟𝑗 = 𝐵𝑗𝑥𝑎𝑗+𝑖𝑏𝑗 = 𝐵𝑗𝑥𝑎𝐽{cos(𝑏𝑗𝑥) + isin(𝑏𝑗𝑥)}. In our 

case,  

𝑟1,2 = −
3

2
± 𝑖𝑏1,  𝑟3,4 =

3

2
± 𝑖𝑏2,  𝑏1,2 =

1

2
√∓17 + 4√𝛽4 + 4       

and       

𝑊(𝑥) = 𝐵1𝑥−
3

2 cos[4 ∙ √𝛽4 + 4 − 17] + 𝐵2𝑥−
3

2 sin[4 ∙ √𝛽4 + 4 − 17] +

                 𝐵3𝑥+
3

2 cos[4 ∙ √𝛽4 + 4 + 17] + 𝐵4𝑥+
3

2 sin[4 ∙ √𝛽4 + 4 + 17]                       (12) 

 

3.4 Structural damping 

Although viscous damping of the Rayleigh type is commonly used in FEM 

representations, for waveguides the use of structural damping is preferred. As 

previously mentioned [16], the modulus of elasticity for the elementary Kelvin solid is 

now a complex number in the form 𝐸(1 + 𝑖𝜁), 𝜁 = 𝜂𝜔/2𝛦, where 𝐸 is the original real-

valued elasticity modulus, 𝜂 is a constant in the viscoelastic stress-strain law and 𝜁 a 

dimensionless damping value, which for concrete has been experimentally determined 

to range from 1% − 5%, values which respectively correspond to pre-stressed and to 

weathered / fractured concrete. Note that the shear modulus is also affected, since 𝐺 =
𝐸/(2(1 + 𝜈)). This is a complex number representation of the elastic modulus which 

filters into the wave speeds 𝑐𝑃 , 𝑐𝑆, and finally into the wave numbers for axial, flexural 

and torsional vibrations. 

 

3.5 External loads 

We distinguish two types of external loads imparted to pylons by the passage of high 

speed trains: (i) High frequency base accelerations in the vertical direction (producing 



axial vibrations) in the range around 𝛺 = 50 − 100 𝐻𝑧 that result from the train’s 

wheels running across rails that have minor imperfections; and (ii) low frequency base 

accelerations in the horizontal direction (producing flexural vibrations) in the range 

around 𝛺 = 3 − 5 𝐻𝑧 as the train moves forward rapidly and generates travelling 

elastic waves in the soil. Both cases lead to forcing functions, in either horizontal or 

vertical directions, that can be represented in a simplified sinusoidal form as 

−𝑚(𝑥)�̈�𝑔(𝑡) = −𝑚(𝑥)𝑔𝑠𝑖𝑛(𝛺𝑡), where �̈�𝑔(𝑡) is the ground acceleration equal (for 

convenience) to  𝑔 = 9.81 𝑚/𝑠𝑒𝑐2, the acceleration of gravity. 

 

4. METHODS OF ANALYSIS 

 

4.1 Eigenvalue analysis for axial vibrations 

For the tapered waveguide with fixity at the base, we have that  𝑈(𝑥 = 𝑏) = 0, while 

for a free condition at the top, we have that  𝑁(𝑥 = 𝑎) = 0 → 𝑈′(𝑥 = 𝑎) = 0. We note 

it is possible to express the fractional order Bessel functions appearing in the solution 

given by Eq. (9a) as follows: 𝐽1/2(𝛼𝑥) = √(2/𝜋𝛼𝑥 ∙ sin(𝛼𝑥) and 𝐽−1/2(𝛼𝑥) =

√(2/𝜋𝛼𝑥 ∙ cos(𝛼𝑥), see [29]. By absorbing terms in the new constants 𝐷1,  𝐷2, we can 

re-write the axial displacement and its derivative as  

 

𝑈(𝑥) = (1/𝑥) ∙ {𝐷1𝑠𝑖𝑛(𝛼𝑥) + 𝐷2𝑐𝑜𝑠(𝛼𝑥)}    
𝑈′(𝑥) = (−1/𝑥) ∙ {(𝐷1/𝑥 + 𝛼𝐷2)𝑠𝑖𝑛(𝛼𝑥) + (𝐷2/𝑥 − 𝛼𝐷1)𝑐𝑜𝑠(𝛼𝑥)}                         (13) 

 

Now, for the aforementioned homogeneous boundary conditions, constants 𝐷1,  𝐷2 in 

the above equations can only be determined relative to each other. We thus recover 

from the first equation evaluated at 𝑥 = 𝑏 and set equal to zero that 𝐷2/𝐷1 = tan (𝛼𝑏). 

Back-substitution into the second equation, which is evaluated at 𝑥 = 𝑎 and 

subsequently also set equal to zero (followed by some trigonometric manipulations), 

yields the following transcendental equation: 

 

(
1

𝑎
) ∙ {𝑠𝑖𝑛(𝛼(𝑏 − 𝑎)) + 𝛼𝑐𝑜𝑠(𝛼(𝑏 − 𝑎))} = (

1

𝑎
) ∙ {sin(𝛼𝐿) + 𝛼 cos(𝛼𝐿)} = 0       (14) 

 

An analytical solution for wave number 𝛼𝑛 = 𝜔𝑛/𝑐𝑃 values that are the roots of 

the above equation is not possible, and therefore the Newton-Raphson method [30] is 

used with starting values being the eigenfrequencies 𝜔𝑛 of a reference pylon with 

constant cross-section. More specifically, if we consider a pylon whose cross-section 

matches that of the tapered pylon at its base, then 𝐴 = 2𝜋𝑑𝑏, 𝑚 = 𝜌𝐴. Closed form 

solutions for the displacement vector, the wave numbers, the eigenfrequencies and the 

eigenfunctions are as follows [18]: 

 

𝑈(𝑥) = 𝐴1𝑠𝑖𝑛(𝛼𝑥) + 𝐴2𝑐𝑜𝑠(𝛼𝑥),    𝛼𝑛 = (2𝑛 − 1)𝜋/(2𝐿)                                           

𝜔𝑛 = (2𝑛 − 1)𝜋𝑐𝑃/(2𝐿) ,        𝜑𝑛(𝑥) = sin(𝛼𝑛𝑥) ,         𝑛 = 1,2, … , ∞                         (15) 

 

Once the eigenfrequencies 𝜔𝑛 of the tapered pylon have been determined, then the 

corresponding eigenfunctions 𝜑𝑛(𝑥) are the displacements given in Eq. (13a), after 

substitution of the corresponding wave number 𝛼𝑛 and with 𝐷1 = 1, 𝐷2 = tan (𝛼𝑛𝑏).  

Remark 3: It is also possible to use the general recurrence relation 𝑍𝜈
′ (𝑧) =

𝑍𝜈−1(𝑧) − (𝜈 𝑧⁄ )𝑍𝜈(𝑧) for the spatial derivatives of the Bessel functions 𝑍, where 



argument 𝑧 can be either real or complex and order 𝜈 may be either an integer or a 

fraction [29]. 

Remark 4: We note that all computations herein are carried out in an integrated 

Python programming environment [31]. Some details on this are given in the Appendix, 

where we present as an application example the code written for solving the tapered 

pylon under axial vibrations. 

 

4.2 Modal analysis for axial vibrations 

Modal analysis commences with the transformation from the physical displacement 

coordinates 𝑢 to the generalized (or modal) coordinates 𝑞𝑖, 𝑖 = 1,2,3, … by use of the 

eigenfunctions 𝜑𝑖 as follows:  

 

𝑢(𝑥, 𝑡) = ∑ 𝜑𝑖(𝑥)𝑞𝑖(𝑡)∞
𝑖=1                                                    (16) 

 

Substitution of this expansion into the uncoupled form (no 𝑄(𝑥, 𝑡)) of the equation of 

motion, Eq. (4a), pre-multiplication by eigenfunction 𝜑𝑗 and integration over the length 

𝐿 = 𝑏 − 𝑎 of the waveguide gives 

 

∑ {∫ 𝜑𝑗(𝑥)
𝑏

𝑎
[𝐸𝐴(𝑥)𝜑𝑖

′(𝑥)]′𝑑𝑥 ∙ 𝑞𝑖(𝑡) − ∫ 𝜑𝑗(𝑥)𝑚(𝑥)𝜑𝑖(𝑥)𝑑𝑥 ∙ �̈�𝑖(𝑡)
𝑏

𝑎
  }∞

𝑖=1 =

∑ ∫ 𝜑𝑗(𝑥)𝑝(𝑥, 𝑡)𝑑𝑥
𝑏

𝑎
∞
𝑗=1                                                                                                 (17)  

 

We note that because of the orthogonality property of the eigenfunctions with respect 

to the stiffness 𝐸𝐴(𝑥) as the weight function, the only non-zero terms remaining are 

those when the two counters coalesce, i.e. 𝑖 = 𝑗. This is now followed with integration 

by parts so as to shift the spatial derivatives (′) outside the brackets to the eigenfunctions 

𝜑𝑖(𝑥). Intermediate terms arising in the integration are zero because of the 

homogeneous spatial boundary conditions. The final result is a matrix system of 

uncoupled, single degree-of-freedom (SDOF) equations of the form  

 

[𝑀]𝑖 ∙ {�̈�(𝑡)}𝑖 + [𝐾]𝑖 ∙ {𝑞(𝑡)}𝑖 = {𝑃(𝑡)}𝑖                                                                    (18) 

 

where the modal masses, modal stiffnesses and modal loads all involve integration over 

the waveguide’s length as  

𝑀𝑖 = ∫ 𝑚(𝑥)𝜑𝑖
2(𝑥)𝑑𝑥

𝑏

𝑎

,   𝐾𝑖 = ∫ 𝐸𝐴(𝑥){𝜑𝑖
′(𝑥)}2𝑑𝑥

𝑏

𝑎

,  

𝑃𝑖(𝑡) = ∫ 𝜑𝑖(𝑥)𝑝(𝑥, 𝑡)𝑑𝑥
𝑏

𝑎
                                                                                        (19) 

 

As with standard modal analysis, the accuracy achieved in solving for the 

displacement 𝑢(𝑥, 𝑡) depends on the number of generalized coordinates 𝑞𝑖(𝑡) retained 

in the series expansion, which from the previous eigenvalue analysis requires no more 

than four terms. Finally, the integrals over the length of the waveguide are evaluated by 

low order Gauss quadrature [30].  

 

4.3 Eigenvalue analysis for torsional vibrations 

As in sub-section 4.1, the boundary conditions for the waveguide under torsional 

motion is zero rotation at the base and zero traction at the top, i.e. 𝛩(𝑥 = 𝑏) = 0, and 

𝛵(𝑥 = 𝑎) = 0 → 𝛩′(𝑥 = 𝑎) = 0. As before, we can use special expansions [29] for the 

fractional order Bessel functions 𝐽±𝑛±1/2in order to derive a manageable expression for 



𝛩′(𝑥). Thus, the characteristic equation to be solved for the torsional eigenfrequencies 

results from setting the determinant of the 2 × 2 system below equal to zero: 

 

𝑑𝑒𝑡 [
𝐽5/2(𝛾𝑏) 𝐽−5/2(𝛾𝑏)

−𝛾 ∙ 𝐽7/2(𝛾𝑎) 𝛾 ∙ 𝐽−7/2(𝛾𝑎)
] = 0                                                                                    (20) 

 

Next, the Newton-Raphson method [30] is used to recover the roots as 𝛾𝑛 = 𝜔𝑛/𝑐𝑆 of 

the resulting transcendental equation, followed by computation of the  eigenfrequency 

and eigenfunction pairs 𝜔𝑛 , 𝜑𝑛(𝑥). As with axial vibrations, the reference case is 

uniform pylon whose cross-section matches that of the tapered pylon at its base, giving 

a polar moment of inertia of 𝐽 = 2𝜋𝑏3𝑑. Closed form solutions for the displacement 

vector, the wave numbers, the eigenfrequencies and the eigenfunctions of the pylon 

with uniform cross-section are as follows [18]: 

 

𝛩(𝑥) = 𝐶1𝑐𝑜𝑠(𝛾𝑥) + 𝐶2𝑠𝑖𝑛(𝛾𝑥),    𝛾𝑛 = (2𝑛 − 1)𝜋/(2𝐿)                                           

𝜔𝑛 = (2𝑛 − 1)𝜋𝑐𝑆/(2𝐿) ,        𝜑𝑛(𝑥) = sin(𝛾𝑛𝑥) ,         𝑛 = 1,2, … , ∞                         (15) 

 

4.4 Modal Analysis for Torsional Vibrations 

As in sub-section 4.2, the waveguide’s cross-section rotation is expressed in terms of 

the torsional eigenfunctions and corresponding generalized coordinates as  

 

𝜃(𝑥, 𝑡) = ∑ 𝜑𝑖(𝑥)𝑞𝑖(𝑡)∞
𝑖=1                                                    (21) 

 

Note that we keep the same notation as before to avoid proliferation of symbols. 

Substitution of the above expansion into the equation of motion, Eq. (4c), pre-

multiplication by eigenfunction 𝜑𝑗, integration over the length of the waveguide 

followed by integration by parts and use of the homogeneous boundary conditions gives 

 

∑ {∫ 𝜑𝑗(𝑥)
𝑏

𝑎
[𝐺𝐽(𝑥)𝜑𝑖

′(𝑥)]′𝑑𝑥 ∙ 𝑞𝑖(𝑡) − ∫ 𝜑𝑗(𝑥)𝐼𝑚(𝑥)𝜑𝑖(𝑥)𝑑𝑥 ∙ �̈�𝑖(𝑡)
𝑏

𝑎
  }∞

𝑖=1 =

∑ ∫ 𝜑𝑗(𝑥)𝜏(𝑥, 𝑡)𝑑𝑥
𝑏

𝑎
∞
𝑗=1                                                                                                 (22)  

 

Following standard procedure, we recover the SDOF uncoupled system of Eq. (18), 

with the modal masses, modal stiffnesses and modal loads now defined as 

𝑀𝑖 = ∫ 𝐼𝑚(𝑥)𝜑𝑖
2(𝑥)𝑑𝑥

𝑏

𝑎

,   𝐾𝑖 = ∫ 𝐺𝐽(𝑥){𝜑𝑖
′(𝑥)}2𝑑𝑥

𝑏

𝑎

,  

𝑇𝑖(𝑡) = ∫ 𝜑𝑖(𝑥)𝜏(𝑥, 𝑡)𝑑𝑥
𝑏

𝑎
                                                                                          (23) 

 

4.5 Eigenvalue analysis for flexural vibrations 

The boundary conditions for the cantilevered pylon undergoing flexural vibrations are 

again fixity at the base with 𝑊(𝑥 = 𝑏) = 0 and zero moment and shear at the top, 

giving 𝑊′′(𝑥 = 𝑎) = 𝑊′′′(𝑥 = 𝑏) = 0. These conditions require three successive 

spatial derivatives of the displacement solution given by Eq. (12). Following 

manipulations of the displacement solution, a 4 × 4 homogeneous system can be 

formed and its determinant is then set equal to zero. This yields the characteristic 

equation, whose roots are recovered numerically after five iterations on the average by 

the bisection variant of the Newton-Raphson method [30]. We note here that it is not 

necessary to produce an analytical expression for the characteristic equation, since all 



computations are carried out in an integrated Python programming environment [31]. 

In terms of results, the first four wavenumbers, see Eq. (8), are 

 

𝛽1 = 9.5111,  𝛽2 = 21.723,  𝛽3 = 35.841,  𝛽4 = 49.165 (1/𝑚)                                     (24) 

 

The eigenfunctions 𝜑𝑛(𝜉), 𝜉 = 𝑥/𝑎, where dimensionless length 𝜉 is defined in the 

interval ⌊1, (𝑏/𝑎) = 1.25⌋, are given below as  

 

𝜑𝑛(𝜉) = 𝐵1𝑛𝜉−3/2 ∙ {cos[0.5√𝑘 − 17 ∙ ln(𝜉)] + [𝐵2𝑛/𝐵1𝑛] ∙ sin[0.5√𝑘 − 17 ∙ ln(𝜉)] 

+[𝐵3𝑛/𝐵1𝑛] ∙ 𝜉0.5∙√𝜅+17 + [𝐵4𝑛/𝐵1𝑛] ∙ 𝜉−0.5∙√𝜅+17}                                                     (25) 

 

In the above equation, three of the integration constants 𝐵𝑖𝑛,   𝑖=2,4 can be expressed in 

terms of the first one 𝐵1𝑛, for each 𝑛𝑡ℎ  eigenfunction. Since the boundary conditions 

are homogeneous, the first constant can be set as equal to 1.0, which is the conventional 

way for normalizing the eigenfunctions.  

Finally, in reference to the uniform pylon whose dimensions match those of the 

non-uniform one at the base 𝑥 = 𝑏, we have closed-form solutions for the wave 

numbers, the eigenfrequencies and the eigenfunctions [18] as follows: 

 

𝛽𝑛𝑏 = 1.8751, = 4.6941, = 7.8548, = 10.996, 𝑛 = 1,2,3,4 

𝜔𝑛 =
3.516

𝑏2 √𝐸𝐼/𝑚, =  
22.03

𝑏2 √𝐸𝐼/𝑚, =
61.70

𝐿2 √𝐸𝐼/𝑚, =
120.9

𝐿2 √𝐸𝐼/𝑚 

𝜑𝑛(𝑥) = 𝑐𝑜𝑠ℎ(𝛽𝑛𝑥) − 𝑐𝑜𝑠(𝛽𝑛𝑥) − 𝐵 ∙ {𝑠𝑖𝑛ℎ(𝛽𝑛𝑥) − 𝑠𝑖𝑛(𝛽𝑛𝑥)} ,      
𝐵 = {𝑐𝑜𝑠ℎ(𝛽𝑛𝑏) + 𝑐𝑜𝑠(𝛽𝑛𝑏)} {𝑠𝑖𝑛ℎ(𝛽𝑛𝑏) + 𝑠𝑖𝑛(𝛽𝑛𝑏)}⁄                                         (26) 

 

4.6 Modal analysis for flexural vibrations 

As with the previous two cases, the lateral displacement of waveguide’s neutral axis is 

expressed in terms of the flexural eigenfunctions and the corresponding generalized 

coordinates (keeping the same notation as before) is given as  

 

𝑤(𝑥, 𝑡) = ∑ 𝜑𝑖(𝑥)𝑞𝑖(𝑡)∞
𝑖=1                                                    (27) 

 

Substitution of the above expansion in the uncoupled (without an axial force 𝑁(𝑥, 𝑡)) 

equation of motion Eq. (4c), pre-multiplication by eigenfunction 𝜑𝑗, integration over 

the waveguide length followed by repeated integration by parts and use of the 

homogeneous boundary conditions gives 

 

∑ {∫ 𝜑𝑗(𝑥)
𝑏

𝑎
[𝐸𝐼(𝑥)𝜑𝑖

′′(𝑥)]′′𝑑𝑥 ∙ 𝑞𝑖(𝑡) − ∫ 𝜑𝑗(𝑥)𝑚(𝑥)𝜑𝑖(𝑥)𝑑𝑥 ∙ �̈�𝑖(𝑡)
𝑏

𝑎
  }∞

𝑖=1 =

∑ ∫ 𝜑𝑗(𝑥)𝑓(𝑥, 𝑡)𝑑𝑥
𝑏

𝑎
∞
𝑗=1                                                                                              (28)  

 

Following standard procedure, we again recover the SDOF-like system of uncoupled 

equations, see Eq. (18), with the modal masses, modal stiffnesses and modal loads now 

defined as 

𝑀𝑖 = ∫ 𝑚(𝑥)𝜑𝑖
2(𝑥)𝑑𝑥

𝑏

𝑎

,   𝐾𝑖 = ∫ 𝐸𝐼(𝑥){𝜑𝑖
′′(𝑥)}2𝑑𝑥

𝑏

𝑎

,  

𝐹𝑖(𝑡) = ∫ 𝜑𝑖(𝑥)𝑓(𝑥, 𝑡)𝑑𝑥
𝑏

𝑎
                                                                                          (29) 

 



5. NUMERICAL EXAMPLES 

 

We consider here a tapered, pre-stressed concrete pylon used in supporting electric 

cable lines for high-speed trains, see Fig. 1. The pylon comprises a single segment of 

length 𝐿 = (𝑏 − 𝑎) = 49.54 − 39.54 = 10m, with a ring-shaped cross-section of 

constant thickness 𝑑 = 87.5 𝑚𝑚. The mean (reference) radius at the top is 𝑅𝑎 = 𝑎 =
215 mm and the mean radius at the base is 𝑅𝑏 = 𝑏 = 337.5 mm, see Fig. 2e. The 

concrete has a modulus of elasticity 𝐸 = 44.4 GPa, a Poisson’s ratio 𝜈 = 0.20 and a 

mass density 𝜌 = 2.55 tn/m3. At any given station 𝑎 ≤ 𝑥 ≤ 𝑏, all relevant material 

property values are computed by recourse to Eq. (3) from the reference cross-section 

values at 𝑥 = 𝑎, namely 𝐴 = 0.1182 m2, 𝐼 = 0.002732 m4, 𝐽 = 0.005464 m4, 

resulting in  

 

(𝐸𝐴)0 = 5,248,000 kN, (𝐸𝐼)0 = 121,300 kN ∙ m2, (𝐺𝐽)0 = 101,100 kN ∙ m2  
 𝑚0 = 0.3014 tn/m, (𝐼𝑚)0 = 0.01393 tn ∙ m                                                         (29) 

 

The above values are, of course, the stiffness and mass values at the top, 𝑥 = 𝑎. For 

completeness, the analogous values at the base of the pylon, 𝑥 = 𝑏, are  

 

𝐸𝐴(𝑏) = 8,238,000 kN, 𝐸𝐼(𝑏) = 469,200 kN ∙ m2, 𝐺𝐽(𝑏) = 391,100 kN ∙ m2  
𝑚(𝑏) = 0.4731 tn/m, 𝐼𝑚(𝑏) = 0.05388 tn ∙ m                                                         (30) 

 

5.1 Pylon under axial vibrations 

Following the development in sub-sections 4.1 and 4.2, we now compute the first four 

eigenfrequencies 𝑓𝑛 = 𝜔𝑛/2𝜋 (Hz) and their respective modal mass and stiffness 

values 𝑀𝑛 , 𝐾𝑛, see Table 1 and Fig. 3, for both the tapered pylon and the reference case 

with constant cross-section. We note that axial vibrations occur at high frequencies, 

given that the first eigenfrequency of the uniform pylon is 104 Hz, while that of the 

non-uniform one is 114 Hz. Also, the non-uniform pylon consistently has higher 

eigenfrequencies because of less mass as compared to the uniform one, all other things 

being equal. Finally, the corresponding eigenfunctions are smooth functions of height, 

with the first eigenfrequency being qualitatively the same for both types of pylons, and 

reminiscent of the deflection curve under static loads. 

More specifically, in Fig. 4 we look at the transient axial displacement 𝑢(𝑥, 𝑡) at 

the top of the pylon resulting from the ground motion vibration input discussed in sub-

section 3.5. We note this is a standing wave, resulting from two elastic waves moving 

in opposite direction to each other with the same frequency and amplitude. For 

convenience, the intensity of the ground motion �̈�𝑔(𝑡) is equal in magnitude to  𝑔 =

9.81 𝑚/𝑠𝑒𝑐2, the acceleration of gravity, while its frequency content 𝑓 = 𝛺/2𝜋 is 

variable and ranges from 100 − 700 Hz. Of course, these frequencies are 

unrealistically high and are used for the purposes of the convergence study only. 

Furthermore, damping is not included in the computation and the time axis ranges as 

0 ≤ 𝑡 ≤ 0.15 𝑠𝑒𝑐. We observe that as the external frequncy of vibration 𝑓 increases, 

so does the number of eigenfunctions necessary for convergence. However, only 2 

eigenfunctions are sufficient, provided the excitation frequency does not exceed 

300 𝐻𝑧. Finally, all computations regarding the pylon analysis were carried out in a 

Python programming environment [31] requiring negligible running times. 

 

 



 

Table 1: Concrete pylon first 4 eigenfrequencies, modal masses and modal stiffnesses 

for axial vibrations  

 

Mode n: 1st 2nd 3rd 4th 

(a) Uniform cross-section 

𝑓𝑛 (Hz) 104.3 313.0 521.6 730.2 

𝑀𝑛 (tn) 2.37 2.37 2.37 2.37 

𝐾𝑛 (kN/m)  1,016,376 9.147,384 25.409,401 49,802,427 

(b) Non-uniform cross-section 

𝑓𝑛 (Hz) 114.0 316.5 523.7 731.8 

𝑀𝑛 (tn) 1.67 1.53 1.52 1.51 

𝐾𝑛 (kN/m)  856,786 6,042,236 16,402,291 31,941,701 

 

5.2 Pylon under torsional vibrations 

Following sub-sections 4.3 and 4.4, we tabulate the first four eigenfrequencies 𝜔𝑛 and 

the corresponding modal masses 𝑀𝑛 and stiffnesses 𝐾𝑛 in Table 2, as well as the 

eigenfunctions 𝜑𝑛 in Fig. 5, for both uniform and non-uniform pylons. We note the 

overall similarity between torsional and axial vibrations. Next, Fig. 6 plots the results 

of a parametric study on the number of eigenfunctions that must be retained for 

achieving convergence in the modal analysis outlined in sub-section 4.4. More 

specifically, we look at the top rotation 𝜃(𝑥, 𝑡) of the pylon resulting from a ground 

motion intensity �̈�𝑔(𝑡) = 𝑔 ∙ sin (𝛺𝑡) with variable frequency content 𝑓 = 𝛺/2𝜋. In 

general, even 2 eigenfunctions are sufficient for external frequencies less than  300 Hz.  

 

Table 2: Concrete pylon first 4 eigenfrequencies, modal masses and modal stiffnesses 

for torsional axial vibrations  

 

Mode n: 1st 2nd 3rd 4th 

(a) Uniform cross-section 

𝑓𝑛 (Hz) 67.34 202.0 336.7 471.4 

𝑀𝑛 (tn − m2) 0.269 0.269 0.269 0.269 

𝐾𝑛 (kNm/rad)  48238.1 434143 1205950 2363670 

(b) Non-uniform cross-section 

𝑓𝑛 (Hz) 86.85 210.0 341.6 474.9 

𝑀𝑛 (tn − m2) 0.095 0.074 0.071 0.070 

𝐾𝑛 (kNm/rad)  28186.4 127990 327523 626900 

 

 

  



(a) 

 

(b) 

Figure 3: Concrete pylon first 4 eigenfunctions 𝜑𝑛(𝑥) for axial vibrations: (a) uniform 

and (b) variable cross-section (n = 1-blue; n = 2-orange; n = 3-green; n = 4-red)  



(a) 

 

(b) 

Figure 4: Concrete pylon with (a) uniform and (b) and variable cross-section:  

Convergence study for transient axial displacement at the top due to  

ground acceleration of amplitude g = 9.81 (m/𝑠𝑒𝑐2) and at frequencies 

f = 100,300, 500, 700 (Hz) (from top to bottom).  

Number of eigenfunctions used is: 1-blue; 2-orange; 3-green; 4-red  

 

  



 

(a) 

 

(b) 

Figure 5: Concrete pylon first 4 eigenfunctions 𝜑𝑛(𝑥) for torsional vibrations: (a) 

uniform and (b) variable cross-section (n = 1-blue; n = 2-orange; n = 3-green; n = 4-

red)  



 

(a)

(b) 

Figure 6: Concrete pylon with (a) uniform and (b) and variable cross-section:  

Convergence study for the transient torsional rotation at the top due to  

ground acceleration of amplitude g = 9.81 (m/𝑠𝑒𝑐2) and at frequencies  

f = 100,300, 500, 700 (Hz) (from top to bottom).  

Number of eigenfunctions used is: 1-blue; 2-orange; 3-green; 4-red  

  



 

5.3 Pylon under flexural vibrations 

Following sub-sections 4.5 and 4.4, we tabulate the first four eigenfrequencies 𝜔𝑛 and 

the corresponding modal masses 𝑀𝑛 and stiffnesses 𝐾𝑛 in Table 3, as well as the 

eigenfunctions 𝜑𝑛 in Fig. 7, for both uniform and non-uniform pylons. In the latter case, 

the roots of the characteristic polynomial will be complex numbers resulting in complex 

eigenfrequencies, so Table 3 lists their absolute values. The eigenfunctions, however, 

remain real. Also, Fig. 8 plots the results of a parametric study on the number of 

eigenfunctions that must be retained for achieving convergence in the modal analysis 

outlined in sub-section 4.6 for the top lateral displacement 𝑤(𝑥, 𝑡) of the pylon due 

ground motion intensity �̈�𝑔(𝑡) = 𝑔 ∙ sin (𝛺𝑡). Again, even 2 eigenfunctions give 

acceptable results for the excitation frequencies examined.  

 

Table 3: Concrete pylon first 4 eigenfrequencies, modal masses and modal stiffnesses 

for flexural vibrations  

 

Mode n: 1st 2nd 3rd 4th 

(a) Uniform cross-section 

𝑓𝑛 (Hz) 5.57 34.92 97.78 191.6 

𝑀𝑛 (tn) 1.183 1.183 1.183 1.183 

𝐾𝑛 (kN/m)  1450.12 56951.9 446512 1714620 

(b) Non-uniform cross-section 

𝑓𝑛 (Hz) 5.84 30.47 80.85 156.0 

𝑀𝑛 (tn) 0.772 0.702 0.683 0.678 

𝐾𝑛 (kN/m)  1040.52 25718.7 176271 651871 

 

5.4 FEM Modeling and Comparisons 

Since the usual method of analysis for flexible structures is the FEM, we conduct a 

comparison study for the eigenvalue problem of the pylon by using the commercial 

program SAP 2000 [32]. Both uniform and tapered versions of the previously 

considered concrete pylon are modeled. More specifically, two categories of FEM mesh 

are constructed for (i) a ‘stick’ model that employs the generalized beam element with 

2 nodes and 6 degrees-of-freedom (DOF) per node, necessitating a discretization along 

the pylon’s length to capture the correct mass distribution and (ii) a ‘shell’ model that 

employs shell elements with 4 nodes with 6 DOF per node and requires additional 

discretization of the cross-section of the pylon. Of course, the latter model, shown in 

Fig. 9, yields vibration patterns that cannot be captured by the waveguide model, such 

as ‘breathing’ modes where the shape of the cross-section diverges from the original 

annular one. 

 

  



 

(a) 

 

(b) 

Figure 7: Concrete pylon first 4 eigenfunctions for flexural vibrations: (a) 𝜑𝑛(𝑥) for 

uniform and (b) 𝜑𝑛(𝜉) for variable cross-section (n = 1-blue; n = 2-orange; n = 3-

green; n = 4-red)  



 
 

(a)

(b) 

Figure 8: Concrete pylon with (a) uniform and (b) and variable cross-section:  

Convergence study for the transient transverse displacement at the top due to  

ground acceleration of amplitude g = 9.81 (m/𝑠𝑒𝑐2) and frequencies  

f = 30, 50, 90, 120 (Hz) (from top to bottom).  

Number of eigenfunctions used is: 1-blue; 2-orange; 3-green; 4-red  

  



 

Starting with the ‘stick’ model, we begin with 10 uniformly spaced elements for 

the pylon and reach a maximum of 100 elements resulting in 600 DOF. For the ‘shell’ 

model, the smallest mesh in the transverse direction covers the circumference of the 

cross-section with 3 shell elements spanning 120° sectors each, while the largest one 

uses 16 shell elements spanning 22.5° sectors each. Therefore, the number of DOF 

range from 32 to 1,600 for the small model and from 96 to 8,100 for the large model. 

In Figs. 10 and 11 we plot the results of the convergence study for the first four axial 

and flexural eigenfrequencies, respectively, as a function of the discretization along the 

pylon length, for both ‘stick’ and ‘shell’ FEM models. Roughly speaking, about 20 

finite elements per length are required in most cases before the eigenfrequencies 

converge, yielding a minimum element length of 50 cm. This holds true for both ‘stick’ 

and ‘shell’ models. Next, Fig. 12 is for the ‘shell‘ FEM model alone, where the element 

size is fixed at 0.1 m along the length, while the discretization in the transverse direction 

becomes progressively finer from 3 to 16 shell elements. As expected, finer 

discretization of the cross-section is of no consequence for axial vibrations. For flexural 

vibrations, however, about 8 shell elements spanning 45° sectors along the 

circumference of the waveguide are required for the eigenfrequencies to converge. In 

sum, when comparing results for flexural vibrations, we observe that the FEM models 

form upper (‘stick’ model) and lower (‘shell’ model) bounds of roughly ±1% from the 

eigenfrequencies derived by the analytical waveguide model. For axial vibrations, both 

FEM models give identical results that overshoot the analytical waveguide solution by 

about 2 %. 

 

 

 

 

 
(a) 

(b)  

 

 

Figure 9: FEM mesh employing 200 shell elements along the length and 12 along the 

circumference: (a) Non-uniform and (b) uniform pylon 
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(a)                                                           (b) 

 

Figure 10: FEM convergence study with the first 4 axial eigenfrequencies as a 

function of discretization along the pylon length and with 16 shell elements at each 

cross-section for the ‘shell model’: (a) uniform and (b) non-uniform pylon 
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Figure 11: FEM convergence study with the first 4 flexural eigenfrequencies as a 

function of discretization along the pylon length and with 16 shell elements at each 

cross-section for the ‘shell model’: (a) uniform and (b) non-uniform pylon 
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Figure 12: FEM convergence study with the first 4eigenfrequencies of both uniform 

and non-uniform pylon with a fixed discretization of 100 elements along the length 

and a variable number of shell elements at each cross-section: (a) flexural and (b) 

axial vibrations 
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6. SUMMARY AND CONCLUSIONS 

 

The monitoring of flexible structures such towers, antennas and pylons that comprise 

critical infrastructure is necessary in order to ensure their continuous operation. This 

particular field of engineering comes under the umbrella of SHM, which in recent years 

has been given high priority in developed countries. There, the built infrastructure is 

both extensive, encompassing diverse groups of systems such as energy, 

telecommunication, utility and transportation networks, while at the same time is 

ageing rapidly. The goal is to set up monitoring schemes with a stand-alone 

configuration and a wireless transmission of data to monitoring centers for further 

processing. Thus, it becomes necessary for the sensor nodes employed to have minimal 

structural analysis capabilities that can be used in tandem with their data processing 

functions, all within an AI environment.  

To this end, analytical models based on elastic waveguides were developed here 

for determining the vibrations of flexible structures to environmentally induced loads. 

The stiffness of these structures may vary with height, while axial, torsional and flexural 

motions were all considered. These models are meant to replace large scale FEM 

models for reasons of computational economy within the context of real-time data 

processing in wireless sensor nodes. This is a crucial step in SHM operations, whereby 

data streams are transmitted by the sensor nodes to a central processing unit only when 

calculations show that certain tolerance limits are exceeded. These limits can be pre-

set, but it is necessary to update them over time through calculations based on 

mathematical models of the structure in question. The parametric studies that were 

conducted herein, including comparisons with finite element models, demonstrated 

desirable accuracy and efficiency characteristics in our analytical models. This makes 

them appropriate for reproducing transient response in flexible structures to external 

loads. The next step is the actual implementation of these models in working monitoring 

systems. 
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APPENDIX 

 

In this Appendix, we list a typical software package developed on the Python 

programming environment [26] for axial vibrations. It computes the eigenvalue 

problem and the transient response based on modal analysis for the tapered pylon. 

____________________________________________________________________ 
# Axial Vibrations for Tapered Pylons 
# Python External Libraries 

import numpy as np 

 
# Building of Local Libraries 

from Boundaries import * 

from NR_solver import * 
from Normalization import * 

from Plot_Eigenfunction import * 

from Gen_Values import * 

from Plot_u_xt import * 
from Plot_u_xf import * 

 

# Compute cross-section area 
def A(x): 

    Aa = 2*np.pi*Ra*t 

    return Aa*(x/a)**2 

 
# Compute mass and stiffness ρΑ, ΕΑ 

def wg(x): 

        return d*A(x), E*A(x) 
 

# Compute constants appearing in each eigenfunction as C2/C1  

    C=[] 

http://www.java.com/
https://www.iso.org/isoiec-jtc-1.html
http://www.python.org/
https://www.csiamerica.com/products/sap2000


    for k in k: 
        C.append(-np.tan(k*b)) 

        return C 

 

# Computation of eigenfunctions 
def f(c,C,k,x): 

        return c/x *(np.sin(k*x)+C*np.cos(k*x)) 

 
# Computation of first spatial derivative of eigenfunctions 

def df(c,C,k,x): 

        return ( 
            (-c/x**2)*(np.sin(k*x)+C*np.cos(k*x)) 

                          +(c*k/x*(np.cos(k*x)-C*np.sin(k*x)))             ) 

 

# Computation of the characteristic equation 
def Eq(x): 

         return 1/a*np.sin(x*L)+x*np.cos(x*L) 

 
# Computation of the first derivative of the characteristic equation 

def dEq(x): 

     return 1/a*L*np.cos(x*L)+np.cos(x*L)-x*L*np.sin(x*L) 
if __name__=="__main__": 

     

# Input Values 

    E = 44.4*10**6 
    d = 2.55 

    Ra = 0.2150 

    Rb = 0.3375 
    t  = 0.0875 

    L  = 10.0 

   

# The slope at the boundaries requires the value of the radius at the top Ra 
# at the bottom Rb, and the length computed from a=39.54 and b=49.54 

# For constant cross-section then a=0 και b=L 

    a, b = boundaries(Ra, Rb, L) 
 

# Routine roots() uses the Newton-Raphson method to solve the characteristic equation 

# Requires the characteristic eqn and its first derivative plus 4 values close to 
# the roots. Solves for the first 4 wave numbers 

    k = roots(Eq, dEq,  [0.20, 0.50, 0.80, 1.10]) 

 

# Routine constant()requires the wave number and returns constant   
# C equal to C2/C1 

    C = constant(k) 

 
# Routine norm() requires eigenfunction f, constants C2/C1, 

# the length as either b-a or L, and the wave numbers k 

# It returns constants c for normalizing the eigenfunction to unity 
    c = norm(f, a, C, k) 

 

# Routine plot_3d_Eig() requires the eigenfunction f, its first derivative, 

# the waveguide ends (a,b), normalization constants c, ratios C2/C1, C3/C1, etc.,  
# wavenumbers k, the input loading function and the radii at top and bottom as 

# Ra, Rb. It plots the first 4 eigenfunctions as x-y plots and as 3D plots     

    plot_3d_Eig(f,df, (a,b), c, C, k, 'axial', Ra, Rb) 



 
# Routine gen_Values() requires the eigenfunction f, its first derivative, the  

# weight functions wg, the end coordinates (a,b), the normalization constants c, 

# constants C from the list C, and the wavenumbers k 

# It returns values for the generalized mass M, generalized stiffness K,  
# the generalized external force P, and the eigenvalues W 

    W,M,K,P = gen_Values(f, df, wg, (a,b), c, C, k) 

     
# Routine plot_u_xt_, requires the generalized mass Μ, the generalized force P, 

# the eigenfrequncies W, and the external load frequncies. Here we use values of 

# [70 Ηz, 200Ηz, 300Ηz, 500Ηz]. Output are Displacement versus Time curves 
    plot_u_xt_(M, P, W, [100, 300, 500, 700]) 

 

# Routine plot u_xf is similar and plots Displacement versus Frequency [0-800Hz] 

# There is a 0.20 mm cut-off point for the displacement u, to avoid division   
# by zero when we have tuning 

    plot_u_xf_(K, P, W, [800, .20]) 

__________________________________________________________________________ 
 


