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Abstract   System identification, either stand-alone or in the context of structural 
health monitoring (SHM), typically entails extracting information based on the 
dynamic response of monitored structures. Standard practice utilizes free vibration 
regimes, recorded during monitoring, to recover the structural key dynamic 
parameters, i.e., natural frequencies and mode shapes. In this work, we propose a 
methodology to transform the forced vibration regime, based on Gabor transform, 
to trace the time evolution of dominant eigenfrequencies of a reference pylon with 
an additional, time-variable mass attached at the top. The external forcing 
functions are harmonic ground motions. Two cases are considered, one where the 
mass decreases to a nearly zero value, starting from a reference value, plus the 
opposite case where the additional mass increases from zero to the same reference 
value, which can be substantial, i.e., reaching 20% of the pylon mass. The 
eigenfrequencies converge at the end of the monitoring time interval, when ground 
motion ceases, to the standard values computed when the additional mass has a 
fixed value on the pylon. The methodology presented herein is useful in extracting 
as much information as possible from dynamic responses and is also of interest in 
the SHM of typical civil engineering infrastructure ranging from pylons to bridges 
and buildings. 

Keywords   Structural identification; structural health monitoring (SHM), 
vibrations; pylons; attached masses; transient response. 
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1. Introduction 

Pylons comprise critical components of infrastructure that support “attachments”, 
i.e. secondary systems (devices, non-structural components) used for fulfilling a 
variety of societal functions. A prime example of pylons with attachments are 
wind turbines for generating electricity [1]. Secondary systems attached to pylons 
may encompass passive or semi-active structural control devices [2], a typical 
example being tuned liquid column dampers [3]. Furthermore, a secondary system 
may be as simple as an “attached mass”, connected to a nonlinear spring which 
acts as a vibration absorber [4]. In general, a pylon with attachment may be 
viewed as a flexural beam with an attached time-variant mass, essentially 
functioning as a system comprising a primary linear oscillator and a nonlinear 
secondary system. Much work has been done in this direction from a mechanical 
engineering viewpoint, where secondary systems are often viewed as vibro-impact 
nonlinear energy sinks [5]. Nevertheless, to analyze the dynamic behavior of a 
pylon with a time-variant mass attached to the top, new methods of solution must 
be sought, such as multiple-scale expansions, which, however, are possible for 
low mass ratios (i.e. ratio of the attached mass over the structural mass of the 
pylon) of the coupled primary-secondary system. For large attached masses that 
are time-dependent, recourse must be made to alternative techniques. 

In this paper, we solve for a time-dependent, large mass attached to the top of a 
pylon (“attached mass”), which is modeled as a beam, by developing a system 
identification method, based on an original approach shown in [6] and improved 
in [7]. In the original approach, the free vibration boundary-value problem of a 
beam with point masses had been reduced to an eigenvalue problem through the 
separation of variables, but the characteristic equation involving transcendental 
functions has been bypassed. In the method presented herein, the solution is 
expanded in series that involve the eigenfunctions of the beam without any 
attachments and a new set of generalized coordinates, which would ordinarily be 
recovered from solutions of single-degree-of-freedom equations with generalized 
forces at the right-hand side that correspond to the point masses. An additional 
complication arises when ground vibrations are considered, because the motion of 
the attached mass cannot be uncoupled by modal analysis, since the absolute 
accelerations experienced by the mass require contributions from all modes at the 
same time instance [8]. As a result, a second-stage modal analysis is required and, 
if the attached mass is time-dependent, the new eigenproperties of the coupled 
primary-secondary (pylon-attached mass) structural system are functions of time, 
being influenced by the rate of change of the attached mass [9]. Based on the 
proposed system identification method, the forced-vibration measurements from 
the motion of an attached mass that either increases or decreases with time are 
interpreted so as to extract the time dependence of the eigenfrequencies of the 
coupled pylon-attached mass structural system. 
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2. Mathematical formulation 

In this section, the mathematical formulation of the system identification method, 
in terms of eigenfrequencies, is presented for a flexible, cantilevered pylon of 
length L with a time-variant mass mL attached at the top assuming values between 
a constant mo and mo ± μt, where μ is the mass rate of change, and t denotes time. 
The transient response of the pylon along degree of freedom u is analyzed under 
high-frequency longitudinal ground vibrations ẍg, see Figure 1, in the form of an 
analytical solution. The derivation of the equation of motion for axial vibrations is 
trivial [8], but the particular form chosen along with handling the loading term and 
the boundary conditions is as follows: 
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Fig. 1: Flexible pylon subjected to longitudinal vibration. 

In Equation 1, ρ is the material density, E is the modulus of elasticity, A is the 
cross-section area of the pylon, and δ represents the Dirac delta function. 
Variables u̇, ü, ẋg, ẍg denote first and second derivative, respectively, of u and xg 
with respect to time t, and uʹ, uʺ, denote first and second derivative, respectively, 
of u with respect to coordinate x. For the formulation given in Eq. 1, separation of 
variables is possible; therefore, for zero initial conditions the following expression 
is obtained: 
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where Φi are the eigenvectors of the stand-alone, cantilevered beam, qi are the 
generalized coordinates, and M is the mass of the pylon without mL. The 
eigenvectors can be recovered from the time-dependent eigenvalue problem, cast 
in matrix form as follows: 

        .t t t t  M q Cq Kq 0    (3) 

In Eq. 3, M is the mass matrix, C is the damping matrix, and K is the stiffness 
matrix, respectively. The vector of generalized coordinates is denoted by q, with q̇ 
and q̈ being its first and second derivative, respectively, with respect to time. 
Since the pylon is a distributed parameter system, a reasonable choice of 
eigenvalues to be retained is N = 3. Therefore, the parameters of the matrix 
equation (Eq. 3) are defined as follows: 
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In Eq. 4, two mass parameters are defined as ratios: R = m0/M and k = μ/M 
(mass rate). Furthermore, ωn (n = 1,2,3) are the eigenfrequencies in rad/s of the 
pylon without the attached mass mL. In order to recover a closed-form solution, the 
second-order, matrix differential equation of rank N×N is recast as a first order 
differential equation of rank 2N×2N: 
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The matrices A, B are symmetric, which allows assuming a solution in the form 
y(t) = ŷeλt, where the circumflex indicates the amplitude of the kinematic 
variables, namely the displacement and the velocity. Upon substitution, the 
eigenvalue problem is obtained: 
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    ˆ ,t λ t A B y 0   (6) 

the solution of which yields the eigenvalues λn, n =1,2,3. In particular, the 
condition |Α(t)λ+Β(t)| = 0 yields: 
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Since the first line of Eq. 7 is an identity, focus is placed on the second line, in 
which the determinant is imposed equal to zero as |λ2Μ(t)+λC(t)+K(t)| = 0, for 
every time instance. The characteristic equation that emerges when computing the 
determinant yields N roots as complex conjugates is: 

2
,1 .n n n n n n d n n n nλ ξ ω iω ξ δ iω δ ξ ω         (8) 

In Eq. 8, ωd,n = 2πfd,n, where fd,n denotes the nth damped eigenfrequency of the 
pylon without the attached mass. 

3. Experimental derivation of eigenfrequencies 

In this section, the evolution of the eigenvalues (and, by extension, the 
eigenfrequencies) of the pylon is traced, as the attached mass varies with time, 
from the transient displacement at the top of the pylon. In this case, as the 
dynamic characteristics of the coupled pylon-attached mass structural system vary, 
the transient response recorded is characterized as non-stationary, from a 
stochastic point of view. Therefore, the transient response needs to be subjected to 
a series of continuous transformations into the frequency domain, by 
implementing the short-time Fourier transform at sufficiently small time intervals, 
allowing considering the transient response stationary within each time interval. 
To this end, the Gabor transformation is employed [10], expressed as follows: 

       ,2

, , , d ni πf τ

w d nF f t u L τ e W τ t dτ






   (9)  

In Equation 9, u(L,τ) is the displacement recorded at the top of the pylon 
(position x = L, with x = 0 being the ground level), and Fw(fd,n,t) is the Fourier 
transform of the displacement at the nth frequency component over time t, also 
known as a “spectrogram”. Function W(τ – t) is a window function, which, in the 
case of the Gabor transformation, is the exponential bell-shaped function 
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(Gaussian distribution) centered at time instant t with a predetermined standard 
deviation. Finally, fd,n = ωd,n/2π is the frequency in Hz. Similar to the standard fast 
Fourier transform, the frequency components with the highest values of Fw are 
considered dominant in the transient response, corresponding to mode shapes. On 
the basis of deriving eigenfrequencies using the mathematical formulation, 
developed in Section 1, and the Gabor transformation, explained in this section, a 
numerical example is devised and presented in the next section, showcasing the 
system identification capabilities of the proposed methodology. 

4. Numerical example 

The system identification methodology, based on tracing eigenfrequencies using 
the Gabor transformation, is validated in this section, through a numerical 
example of a pylon with a variable mass attached at the top. First, the structural 
characteristics of the pylon are presented. Next, the validation tests are presented, 
and the results are discussed. 

The pylon, used for the simulations, is a reinforced concrete pylon, 
representing a water tank tower, as shown in Figure 2. The dimensions and 
material properties are summarized in Table 1. 
 

A A
mL

L

u(x,t)

w(x,t)

x g

R

y

z

d

Section A-A

 

Fig. 2: Water tank tower simulated as a pylon with a variable mass attached at its top. 

Two scenarios are devised: (i) the water tank is filled up, starting from a mass 
ratio R = 0.02 (nearly empty) up to a mass ratio R = 0.20 (full) with a flow rate μ = 
1 t/s, and (ii) the water tank is emptied, starting from R = 0.20 and dropping to R = 
0.02 with a flow rate μ = –1 t/s. The total time required for each scenario is T = 
0.85 s. The mathematical solution, which will be used as benchmark for validating 
the system identification results based on the Gabor transformation is obtained 
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using Ν = 3 eigenvalues and six roots λn, which appear as complex conjugate pairs 
(Equation 8). From the roots, the corresponding eigenfrequencies fd,n are computed 
and plotted in Figure 2 for time step Δt = 10-4 s, from t = 0 up to time t = T. At 
time t = T, the flow stops, and the structural system has either converged to the 
standalone pylon (with mass mo) or to the coupled pylon-attached mass with the 
attached mass being fixed to mL. The evolution of the eigenvalues for axial 
vibrations of the pylon as the mass of the coupled pylon-attached mass structural 
system changes over time can be observed in Figure 3. As expected, the coupled 
system becomes more flexible as the attached mass increases (Figure 3a) and 
stiffer as the attached mass decreases (Figure 3b). In either case, the 
eigenfrequencies converge to the values expected when the system is stationary, 
i.e., when the water flow has stopped. 

Table 1: Dimensions and properties of pylon simulated for the numerical example. 

Property/Dimension Symbol Value Units 

Modulus of Elasticity E 44.40ꞏ103 kN/m2 

Mass density ρ 2.55 t/m3 

Cross-section mean radius r 0.3375 m 

Cross-section thickness d 0.0875 m 

Pylon height L 10.0 m 

Mass of pylon (standalone) mo 0.946 t 

Rate of mass change (attached mass) μ ±1.0 t/s 

Ground motion amplitude xg 0.01 m 
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Fig. 3: Evolution of the eigenfrequencies of the coupled pylon-attached mass structural 
system (a) for increasing rate of mass change and (b) for decreasing rate of mass change. 

The transient response of the pylon for unit amplitude harmonic ground 
vibration of xg(t) = xgsin(2πfot) (fo = 10 Hz) at its base, which is assumed to be 
ambient vibration, e.g., induced by seismic motions or by ground shocks, is shown 
in Figure 4. Concurrently with the ground vibration, the water tank either empties 
or is filled, as previously described. As can be seen from Figure 4, the amplitude 
of vibration increases as the attached (water) mass increases during the motion of 
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the base (Figure 4a) and decreases as the attached (water) mass decreases (Figure 
4b). The change in the amplitude of the transient response, which essentially 
represents the effect of damping being added to the structural system (e.g., if the 
water tank is regarded as a semi-active tuned liquid damper), is indicative of the 
change in the dynamic behavior of the coupled pylon-attached mass structural 
system. 
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Fig. 4: Transient response at the top of the pylon under ground vibration (a) for increasing 
rate of mass change and (b) for decreasing rate of mass change. 

Finally, the evolution of the eigenfrequencies of the coupled pylon-attached mass 
structural system is traced using the Gabor transformation. For applying Equation 
9, the Hanning window function is used, shown below [10]: 

   0.5 0.5cos 2 0W j πj J j J    , (10)  

where the width of the window is H = J + 1 and should at least cover one cycle of 
vibration. Fixing the width of the window function as well as deciding how close 
two consecutive windows should be placed for optimal results is achieved through 
trial and error. Figure 5a and Figure 5b depict the results, in the form of 
spectrograms, of the stepwise processing of the transient responses, shown in 
Figure 3a and Figure 3b, respectively, using the Gabor transformation.  
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Fig. 5: Spectrograms of the transient response using the Gabor transformation (a) for 
increasing rate of mass change and (b) for decreasing rate of mass change. 
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As can be seen from Figures 5a and 5b, the applying the Gabor transformation 
reproduces the evolution of the eigenvalues analytically computed for the coupled 
pylon-attached mass structural system (see Figures 3a and 3b) with high accuracy. 
Furthermore, it is observed that the real part δ of the eigenfrequencies in Equation 
8 is negative when the system is flexible (increasing attached mass) and positive 
when the system is stiff (decreasing attached mass). 

In terms of oscillation mitigation, the presence of the time-variant mass at the 
top of the pylon may either be detrimental or beneficial, depending on the 
frequency content of the external excitation and on the rate by which this mass 
increases from zero to a terminal value or decreases from an initial value to zero. 
Nevertheless, it is generally known that a lumped mass attached to the top of a 
pylon becomes effective in reducing the displacement amplitude of the pylon in 
the high frequency range, while for low-frequency vibrations the presence of the 
mass is rather detrimental. 

5. Summary and conclusions 

In this work, a system identification method to recover the eigenvalues of a 
cantilevered pylon with a time-variant mass attached at the top has been presented, 
based on the Gabor transformation of the transient response of the coupled pylon-
attached mass structural system subjected to ground motion. First, the analytical 
solution for the axial vibration of the pylon modeled as a distributed mass system 
has been recovered, with the mathematical formulation augmented to handle a 
mass attached at the top which is comparable to the mass of the pylon and cannot 
be viewed as a secondary system. The mathematical solution has been obtained by 
modal analysis and used as a benchmark for assessing the performance of the 
system identification method. The complications of modal analysis arising from 
the mass being time-variant, i.e., increasing or decreasing during the time interval 
that the ground motion is applied, have been addressed via a second tier solution 
of a time-dependent eigenvalue problem cast as a system of first order differential 
equations with non-constant coefficients. The time-dependent eigenvalues have 
been plotted for the duration of the increasing/decreasing of the attached mass. 
Next, the time histories of the transient responses of the coupled pylon-attached 
mass structural system have been computed under the same ground motion and the 
evolution of the time-dependent eigenvalues has been traced using the Gabor 
transformation.  

A numerical example of a pylon representing a tower supporting a water tank 
has been devised to validate the system identification method. Two scenarios have 
been devised, one with the water tank being filled up and one with the water tank 
being emptied. In both scenarios, the pylon has been subjected to axial ground 
motion. The results of the numerical example have clearly shown that the 
proposed system identification method is capable of yielding the evolutions of 
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eigenvalues over time with significant accuracy as evidenced by the proximity of 
the results of the Gabor transformation to the outcomes of modal analysis. Future 
work will focus on investigating the effect of the variable mass attached to the top 
of the pylon as a structural control system. 
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